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ABSTRACT. Let 4 be a closed operator on the Banach space X. We con-
struct an operator, R;\(A), depending on the parameter, A, and having the fol-
lowing properties:

(A= AR(A) =1+ F,
R(AYA-4) =1+F,

where F. and F., are bounded finite rank operators. R;(A) is defined and ana-
lytic in A for all 'Xe ®, except for at most a countable set containing no accumu-
lation point in -¢

Let og(4) be the complement of &,, and let f ¢ e’ o(A), where Q' olA) de-
notes the set of complex valued funcuons which are analyuc on Uq,(A) and at
(). We then use the operator, R )\(A), to construct an operational calculus
for A. f(A) is defined up to addition by a compact operator. We prove for our
operational calculus analogues of the theorems for the classical opetatxonal cal-
culus. We then extend a theorem of Kato by using the operator, RA(A), to con-
struct an analytic basis for N(4 — ).

1. Introduction. In [6], Taylor developed an operational calculus for closed
operators. If A is a closed operator and f(A) is analytic on o(A), f(A) is then
defined by f(A) = (1/2mi) f+B(D) MR \(A)d\ where D is a suitable domain and
R, (A) is the resolvent operator. In this paper we develop an operational cal-
culus which extends the set of functions which can be applied to the operator A.

Let A be a densely defined closed linear operator from a Banach space X
to a Banach space Y.

Definition 1. A is called a Fredholm operator if

(1) a(A) = dim [N(A)] < =,

(2) R(A), the range of A, is closed in Y,

(3) B(A), the codimension of R(A) in Y, is finite.

We denote the set of Fredholm operators from X to X by ®(X).
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Definition 2. A € ®, if and only if (A -A) € ®(X).

Definition 3. A € 0,(4) if and only if (A~ A) ¢ O(X).

Let (@ (A) denote the set of all complex valued functions, f(A), which are
analytic on 0¢(A). In this paper we show how to define an operator f(A) for [ €
Q. (a).

Let L(X) denote the set of all bounded operators on X.

Definition 4. We shall say that the operator B € L(X) is a quasi-inverse of
the closed operator A if R(B) C D(A) and there exist compact operators K, and
K, such that AB =1+ K and BA = (I + K2)|D(A)‘

If A € ®(X), then A has a quasi-inverse. See [3, Lemma 2.3). We denote the
set of all compact operators on X by Kx).

Let ®(A) be a component of ®,. For each A € @ (A) there exists an opera-
tor B € L(X) such that A\ = A)B, =1+ K'and By(A-A4) = + K")ID(A)’ where
K' and K" are compact operators. If f(A) is analytic on 0¢(A) we would like to
define f(A) by f(A) = (1/2mi) f+B(D) f(MB) d\ where D is a suitable domain and
B, is a quasi-inverse of (A — A). However, B,, if chosen arbitrarily, is not ana-
lytic.

In $2 we show how B can be chosen so that By is analytic in A throughout
(I)i(A) except for at most a countable set of points having no accumulation point in
fl)i(A). We shall refer to our choice of B, as R;(A). We call R;(A) a quasi-resol-
vent operator. Although R;‘(A) can be chosen in different ways, any two choices
of R\(A) differ by at most a bounded finite rank operator.

For each f € @;(A) we define a class of operators J(A) in the following way:
B € $(A) if and only if

B= ()14 357 [, 5y [VRIAY A

Different choices of Ry(A) and D give different members of F).

In Theorem 7 we show that any two members of F(A) can differ by at most a
compact operator. This compact operator turns out to be the limit of finite rank
operators. It should be pointed out here that all the compact operators mentioned
in the theorems of this paper turn out to be limits of finite rank operators. We
then define f(A) to be an arbitrary member of ).

In Theorems 8 and 9 we show that if a and 8 are complex numbers, and f,

g € @ (A), then af(4) + Bg(A) = (af + Bg)A + K| and f(4) * glA) = (/" g)A +K,,
where K, and K, are compact operators. These compact operators can be com-
puted directly.

In Theorem 10 we show that if f(A) = 1, then f(A) =1 + K, K € K(X).

If A is bounded we define ('(A) as the'set of all functions which are analytic
on 0¢(A). If f € @'(A), we then define the class of operators FHA) as follows:



1973] A GENERALIZED OPERATIONAL CALCULUS 441

B € F*(A) if and only if
1

B=om

J oy T RAAY A

where D is a suitable bounded domain. We then define f*(A) to be an arbitrary
member of F*(4). We then prove analogues of the above theorems for f*(4).
Theorem 11 shows that if A is bounded and f € @;(A), then f*(A) = f(A).

We wish to point out here that if A is a bounded operator one can construct
an operational calculus in the following way. Let Q be the quotient algebra
L(X)/K(X). Let [A] be the image of A under the natural homomorphism mapping
L(X) to Q. Then it follows from [3, Lemma 2.3], that o([A]) = 0,({A). Therefore,
if f € @(A), then { must be analytic on o([A]). f([A]) can then be defined by

f0AD = 5= {0, T = 14D~ .

f(A) may then be chosen to be any pre-image of f([A]) under the natural homomor-
phism. The disadvantage with this approach is that the particular choice of f(4)
is completely arbitrary. In our approach, once we choose a region for integration
and make a particular choice of R,(A), f(A) is automatically determined. If A
is unbounded, then the first method cannot be applied at all because we cannot
construct the quotient algebra.

In Theorem 15 we show that if [ € @;(A) and if [ does not vanish on GQ(A),
then f(A) has a quasi-inverse in L(X).

In $3 we apply the operational calculus to polynomials. Let P(A) be a poly-
nomial in A. Since P(A) ¢ @;(A) we cannot define the operator P(A) in the

manner described above. If
n

PN =Y a,
2
we define P(4) by ’
n .
P(A) = Z aiA'.
1=0

We then prove the following result in Theorem 1 of this section:

Let f(A) € @;(A), and suppose either (a) that { has a zero of order m at o,
or (b) that [ vanishes in a neighborhood of . Let P be a polynomial of degree
n, where 0 <n <m in case (a) and 0 <7 in case (b). Let H(A) = P(A) f(A). Then
V(H)e @ (4), 3K, € K(X) such that R[f(4) + K 1 CD(A™) and 3K, € K(X) such
that P(A)[f(4) + K 1= H(4) + K,.

Theorem 3 then shows how to express P(4) as an integral.

We now give an example of our operational calculus. Let H be a Hilbert
space with orthonormal basis {ei¥?=0' Let U be the unilateral shift defined by
Ue, =€ .

U*, the adjoint of U, then has the following property.
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U*el.= e;_, for i>0, and U*eo= 0,
a(U)=o(UM =fA: A <1} g (U = |A = 1,
W*x=1, (UU*x=(~ F)x,
where F | is the orthogonal projection onto [90], the space spanned by e,. Let
PN = A=\ + %),  PU¥) = (U*- 1)(U* + ).
We shall construct an operator B such that

BP(U*) =1+ K, K eX(X).

Let f(A) =1/(A = 4%) (A + %). f(A) is analytic on O‘Q(A) but not on o{d). We define
fWM by

w_ 1 1 Cuokasn-lan
=5 o oy VD
—_]_._ 1 _ *y—1 A
7 ke Gooa ATV

where C is the circle |A| = 3/4 oriented clockwise, and C, is the circle |A| =2
oriented counterclockwise.
1 1
i de, AT
1 1 ad

L S S Amyntl gy
mi JC A=A+ W) ngo

(- =AU+ D~

s 1 N A
2 2mi f—cl A=%D+ Y

n=0
00 0o 2\n 2\-1
-3 U - )= 3 4(9;) - u2< _UT)
n=0 n=1
I L g-unHla
i Je oo 400

-1

'l
g Loy g (G- v) e

-1

1 1\
= syl ¢

where p=1/A, and C, = {p: |p| =
Since the integrand is analytic in g on C; and on the enclosed region, the

above integral is equal to zero. Therefore,

B=[f(U*) = UXI- Uu2/4)~!
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and

B.-P(UM=1+K KeKX),

by Theorem 15, $2.

A direct calculation gives
K=(4U+ D7IF (U~ 1) - (<40 + D™ 'R (U+ 1)

where F | is the orthogonal projection onto [e].
$4 is devoted to proving the analogue of the Spectral Mapping Theorem for our

operational calculus. We define &;(A) as follows:

. 0¢(A) if A is bounded,
O’Q(A =
a‘,(A)U(w) if A is unbounded.

We then prove the following ®-spectrum mapping theorem.
Theorem 1. If f € @(A), then o [f(A)] = [lo,(4)].
We use Theorem 1 to help prove the following theorem.
Theorem 2. Let [ € @;(A) and g € @'l

Define F by F(A) = glf(\)). Then F € @ (A) and F(A) =g[f(4)] + K, K €
Kx).

In §5 we use our analytic quasi-resolvent operator to extend a theorem of
Kato. In [1, Theorem 2.3}, it is shown that if ®(A) is a component of ®,, then
allA — A) =n is constant for all A € CDI.(A) except for at most a countable set of
points having no accumulation point in ‘Dl.(A). For these points, v, i=1,2,3

.. a(vi — A) > n. We shall refer to this exceptional set of points as Sl.(A). In
[2, Theorem 3], Kato shows that if Al. € (I)i(A )\Si(A), there is a basis of N(A = \)
consisting of n vectors xl.(/\), i=1,2,.-+,n, which are analytic in a neighborhood

of A. The following theorem gives a stronger result.

Theorem 3. Let ®(A) be a component of ®,, and let A€ Qi(A)\Si(A). Let
X, %, «+, % be abasis for N(A - )\i). Then there exist vector valued functions,
xl()\), xz()\), ce, xn()\), analytic for all X € ‘I)i(A) except for at most a countable
set of points having no accumulation point in (I)l.(A), such that xj()\i) =%, 1<
j <n, and {xj()\)};.’zl form a basis for N(A - )).

In each section theorems are numbered according to the order in which they
appear. The lemmas are numbered according to the theorems for which they are
needed. For example, the third lemma used in proving Theorem 7 is numbered

Lemma 7.3.

2. The operational calculus. A description of the operational calculus for

closed operators can be found in [6]. In this description, a complex valued
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function f can be applied to the closed operator A only if { is analytic on a re-
gion containing a(A).

In this paper we will develop an operational calculus which will enlarge the
set of functions which can be applied to the closed operator A.

Definition 1. A closed operator A from a Banach space X to a Banach space
Y is called a Fredholm operator if:

(1) the domain, D(A), of A is dense in X.

(2) alA) = dim [N(4)] < o.

(3) R(A), the range of A, is closed in Y.

(4) B(A), the codimension of R(A) in Y, is finite.

It is shown in [2, Lemma 332], that condition 4 implies condition 3. A dis-
cussion of Fredholm operators can be found in [3].

Definition 2. If A is Fredholm, the index of A, i(A), is defined by i(A) =
a(A) = B(A). We denote the set of Fredholm operators from X to X by ®(X).

Definition 3. A € @, iff (A -A4) € ®X).

Definition 4. A € 0,(A) iff A ¢ @ ,.

By [3, Theorem 2.9], ®, is open and is thus the union of a disjoint collec-

tion of connected open sets. Each such set, (Di(A), will be called a component

of <DA.

Theorem 1. Let A be a closed operator on X such that @, # @. In each
component, (I)l.(A), of @4, all — A) is constant for all A\ except for an isolated
set of points having no accumulation point in ® (A). For these exceptional sets

of points, S (A) = {y(’)}]_ 2en e a(p(’) A) > c, where c, is the constant value
of alx-A4) "when A€ {@, (A)\S (AN

Proof. See [1, Theorem 2.3}.
Let A be a closed operator such that ®, is not empty. Let A; be a fixed
point in {® (4) \ § (A)}. There exist subspaces X, and Y, such that
X=NA,-A)®X, X, isclosed,
X=Y, ®@ R\, - 4), dimY,=pR,-A).
Let F, . be the projection of X onto N(A - A) along X, ,» and let F,. be the pro-

]ectlon of X onto Y, along R\, - A). F'h. and F,. are bounded fmxte rank oper-

ators. (A; - 4) | DANX; has a bounded inverse, 4,
onto

A R()\ - A) = D(A) N X,.

See [3].
Let the operator T, be defined by: T;x = Ai(l - le.)x. T, e L(X), where
L(X) denotes the set of bounded operators on X.

a.n T\, - A) = 1= F,; on D(A),
(1.2) (- AT, =1-F,, onX.
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Definition 5. A bounded operator B will be called a right quasi-inverse of the
closed operator A if R(B) CD(A) and AB =1 + K, where K € K(X). K(X) denotes
the set of all compact operators on X.

Definition 6. A bounded operator B will be called a left quasi-inverse of the
closed operator A if BA =1 + K, where K € Kx).

Definition 7. An operator B will be called a quasi-inverse of the closed oper-
ator A if B is a left and a right quasi-inverse A.

Ve see from (1.1) and (2.1) that T, is a quasi-inverse of ()\i - A).

Definition 8. Let Ry(A) be defined by R\(A) =T [(A\=A)T,+ 117! when
Ae @A), -1/(A- 1) € p(T), and T, is chosen as above.

Remark 1. Since T € LX), -1/(\ - )\z.) € p(Ti) when A is close to A, .

Remark 2. R,(A) can be chosen in different ways by making different choices
of A, and T,. Unless stated otherwise, by R;(A) we shall mean any one of these

possible choices.

Theorem 2. R)\(A) is a quasi-inverse of (A - A).

Proof. R[R\(4)] C D(A) by the definition of T .

W= ATIA = AT + D7 = = A+ A, = ATIA = AT, + 17

* = (A= M)T+ 1= BIA-A)T,+ 171 = 1= B IA-A)T + 17 L
TIA = AT, + 170 - A = TIA - MT 4+ D7 - A+ A, - 4)
= -)T,+ DT = A+ A, = A)
(b)

= [ = AT+ D7 A= AT+ 1= F 4

=M =-2)T, + 17'F Ypay QED.

Theorem 3. Let L, and L, be two different choices of R)(A). Then L,-

L, is a bounded [inite rank operator.

Proof. L ,(A-A)-= (1-F)) and W-A)L,=1-F,, where F, and F, are
bounded finite rank operators.
L A= AL, == F)Ly=L,(I=F).
Therefore, L, - L, =L F, - F L, which is a bounded finite rank operator.
Q.E.D.
Since T, is bounded, R)(4) is analytic in A when A € ®(A) except for those

points, v, such that -1/(v - )\i) € o(T ). We denote this set of exceptional points
by (I)?(A).

Theorem 4. Si(A) C (D?(A). (See Theorem 1.)
Proof. Let A € Si(A ). Since a(A—A)> a()ti — A), there exists an x € X
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such that x # 0 and x € NI\ - A)NX,, where X is the closed complement of

N()\l. — A) chosen in the construction of Tz. .

Thus
Tl.()t— /\Z.)x = Tl.(A - )\i)x = —x, and (Tl + A_l A.>x= 0;
1
o /\i € O(Ti),
A € @A)

Remark 3. (I)?(A) depends on the choice of T,.
Lemma 5.1 If A4 X, A€ @, if and only if =1/(XA-A) €

Proof.

-1
(=% - Ti) A= A0, = 4) = L1 - = AT, - )

1

A=A =AU = F )= A-2e W=Q)F,.

Suppose A € ®,. Then [A-A+- )\i)F“] € ®(X) by [3, Theorem 2.8).
But ()‘i - A) € ®(X). Therefore,

l-% - Tl] € ®(X) by [3, Theorem 3.4].

Therefore, =1/(A = A,) € ®.. . Conversely, suppose — 1/(A = L)) € @.. . Then
-1/ = ) - TN -2 )()\ - A) € ®(X), by [3, Theorem 2.5]. Therefore, @a-»x
€ ®(X) by [3, Theorem 2 8] Therefore, A € ®,

Lemma 5.2. i(A — A) is constant for all X in the same component of ®,.
Proof. See [4, Chapter VII, Theorem 5.2].
Theorem 5. (I)?(A) is an isolated set having no accumulation point in ® (A).

Proof. Let @ (T )— tpnp=-1/(A- ?\) where A € @ (A)} From Lemma 5.1
we see that @ (T ) is that component of q)T which contains a neighborhood of
infinity. Smce T € L(X), we have 7 € p(T) it 9> (7,0l p+ For these 7,
aln—-T,) =0, and 1(1] T,) = 0. Therefore, by Theorem 1, a(n- Tl.)= 0 for all 7€ ®LT),
except for an isolated set which does not accumulate in (Dz.(T i)' By Lemma 5.2, i(n - Ti)
=0, V€ ®(T ). Therefore, if n € ®(T) and aly-T,) =0, n must be in the
resolvent of T.. Therefore, O(Tl.) N (Di(Ti) 1s an isolated set which does not
accumulate in ® (T ). Since (D?(A) is the set of all A € ®(A) such that
-1/(A=1) €o(T ), we see that ‘D?(A) is an isolated set having no accumulation point
in ®(4). Q.E.D.

We have thus described a method of defining an analytic quasi-inverse, Ry(4),
of W=A) for A € {®, \(DO(A)} This method can be applied to every component of

D, . If we let %) = U (DO(A) we see that R'(A) is defined for all Ae{®, ND2(A)}
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Theorem 6. If the A, used in the definition of R\(A) is in p(A), then Ry\(A) =
(A =A)"1 forall X e @ (ANDNA)}.

Proof. Ry(4) =T [(A - A)T, + 1171
Since A, € p(A), we have that T = (A, - AL,
A= ATIA - A)T, + 171

ST = A) + O, = AN, = AT =AM, - A7y 17!

=T =)0, = A7 - )N, - A~ e 7=

Similarly, TJ(A - A)T, + 117! (A= 4) = 1. Q.E.D.

Throughout the rest of this paper, A will denote a closed operator on a Banach
space, X, with the property that ®, # &.

If f(A) is a complex valued analytic function of a complex variable, we denote
by A(f) the domain of analyticity of f.

Definition 9. By a;(A) we mean the family of all analytic functions f(A)
with the following properties:

(1) a,(4) CA(),

(2) A(f) contains a neighborhood of = and [ is analytic at oo.

Definition 10. A set D in the complex plane is called a Cauchy domain if the
following conditions are satisfied:

(1) D is open,

(2) D has a .finite number of components, the closures of any two of which
are disjoint,

(3) the boundary of D is composed of a finite positive number of closed rec-
tifiable Jordan curves, no two of which intersect.

For a discussion of Cauchy domains, see [6, §3).

Definition 11. Let f € @_(A). The class of operators F(A) will be defined
as follows: B € F(A) if and only if

B=f(=)l 45— me JORYA) ar,
where D is an unbounded Cauchy domain such that

(1) 04(4) CD,

(2) D CA(Y),

(3) the boundary of D, B(D), does not contain any points of ®%4).

By f() we mean lim,__ f(A). The different members of F(A) are obtained
by making differént choices of D and Rj(A).

For the proof of the existence of a D satisfying conditions 1 and 2, see (6,
Theorems 3.3 and 4.1). Condition 3 can be satisfied because ®%(4) does not accu-
mulate in D ,.

Remark 4. All the members of F(A) are bounded. We proceed to show that the
different members of F(A) differ from each other by at most a compact operator.
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Lemma 7.1. Suppose B, and B, are two members of F(A) obtained by using
the same choice of D, but different choices of Ry(A). Then B, =B,+K,Ke
K(X). The compact operator mentioned in this lemma and the compact operators
mentioned in the rest of the theorems of this paper turn out to be limits of finite
rank operators.

Proof. By Theorem 3, the different choices of Ry(A) differ by at most a com-

pact operator. The lemma follows immediately.

Lemma 7.2, Let D be the unbounded Cauchy domain chosen in Definition 11.
Then there are at most a [inite number of points of ®°(A) in C(D), the comple-
ment of D.

Proof. The lemma follows fromthe compactness of C(D) and Theorem 5.

Lemma 7.3. Let D, and D, be two unbounded Cauchy domains satisfying
the conditions in Definition 11. Then

1

1 1 4
207 ey IR & - 5 fw(Dz) JIVR(A) dx

=i [ oy ORI AN =5 [ (ORI,
where D' and D" are bounded Cauchy domains with the following properties:

(1) D" and D" are contained in ,,

(2) D'-and D" contain at most a finite number of points of ®°A) in their
interior,

(3) D' and D" have no points of ®%A) on their boundaries.

Proof. By an argument similar to that in the proof of [6, Theorem 4.1], there
exists an unbounded Cauchy domain, D,, such that 0¢(A) CD; and _D—;C [D1 N D2]
CA(f). Lee D'=D, - Z Since C(D_3)_contains at most a finite number of points
of ®%(A) by Lemma 7.1, the same holds true for D'. Since ®°(4) does not accu-
mulate in @, D can be chosen so that B(DB) does not contain any points of
®°%A). Since B(Dl) does not contain any points of ®%(4), we have that B(D')
does not contain any points of ®°(A). By [6, Theorem 3.1], D' is a bounded
Cauchy domain and

1 ' _ 1
i +B<D')/(A)R*(A)d)“ 2mi L

By a similar argument, there exists a bounded Cauchy domain D" such that

1 ' 1 [ 1 ]
w [(VRY(A) dA = >— LB(DZ) JORAYaN - 5 | 50, JORYA) d.

. 1 ,
sy [ORA =7 LBW JOR}(A) dr.

2w J+BD")

Subtracting, we have

1 I 1 1
3w Juooy RN A = 5 [ TR
1 1 '
- ' - R(A)d\. Q.E.D.
2mi +B(D')f()\)RA(A) a 2wt f+B(D) f(A) >‘( )dA Q
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Lemma 7.4. Let p, € (I)?(A). Let D be a bounded Cauchy domain with the
following properties:

(1) D C @A),

(2) p; €D, _
(3) no other points of ®%A) are contained in D.
Then
1 ‘ ’
5 ﬁB(D) Ry(AYdh = K, K eK(X).

Proof. Ry(4) = TN =A)T, +1]7 L
If A € D, D can be replaced by a bounded Cauchy domain, D, such that
)tl. ¢ 51 and

1 R
2 a\.
2mi J+ B(D) (A) A = f B(D)) )‘(A)

This replacement is possible because of the properties of D and the analyticity of
R)(A). Therefore, we shall assume that A, ¢ D.

\ -1
f+B(D) R)(A) d) = f+3(o) TIN= AT, + 171 dr

1 1\t
= f+B(D) m—; T, (7;+)\——71) d\.
Let p=1/(x - )),
Jony B = [ =TT 4 07
with 1" being the oriented image of + B(D) under the mapping g = 1/(\ - )\i)_
T,=(p+ T) - p, Tl.(Ti+;z)"l=I—u(Ti+;t)‘l,

' _ -1 -1
J+B(D) Rx(A)dA—fr T[Id[l +J;_ (7;+/J-) d'U..

Since A, ¢ D and D is bounded, I" is bounded and 0 ¢ I' UT" where I" is
the interior of I.

Ir%lldp= 0.

Jo @ = [ Tp- T
Since p; € D, 1/, - A) e I. -1/(p;- 1) € o(T ) because p, € ®)(A). Further,
since p; € @, 1/([11 A) e @, by Lemma 5.1. Therefore, /(- \) €
o-T)N ®_ T;)" There are no othet points of o(- T ) in I. Therefore, by [4, Chap-
ter VI, Theorem 4.5 and the proof of Theorem 4.2], we have that f[}l (—T ) P/

is a bounded finite rank operator. Therefore,

1 )
37 Jenpy RXAV A=K, K e K(x).

Lemma 7.5. Let A and p be in ®,. Then
' 1
Ry\(4) - R (A)

TN + K, KeKX.

R\(A) - R;(A) =
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Proof.
Ry(AA - A)RNA) - R (A)Np — AR (A)

= (1= FIRIA) = RN = F),  F, F, e K(X),

= Ry(A) - RAA) + F,  F e K(X).
We also have that
RYAYA = DR '(A) = Rt = ARYA)

= RY(AI = Fy)p = AR(A) = Ry(ANA - AT - FOR(A)
= (1 = MRYAR(A) - RAF,(I - F)) + (I - F))F,R(A)
= (= MRYAR(A) + Fy,  F, e K(x);

Ry(4) - RI(A) + F = (- N R(A)R(A) + Fy

R\(4) ~ R'(A)

Y + K, KeXX).

R(A)R(A) =
Note. K depends analytically on g and A.

Lemma 7.6. Let p. and D be as in Lemma 7.4 Let {(A) and g(A) be such
that D C[A(f) N Ag)). Then

1 : 1
OR(AY AN 5

’
2ni J+BMD) gMR(A) dA

B(D)

1

[
=57 Jenoy [WgWR (A dX + K, K e K(X).
Proof. By [6, Theorem 3.3], there exists a bounded Cauchy domain, D,, such

that . €D, and D, CD C[A() N Alg)).
f+ B(D) [(A)R;(A) d\ = fq» I}(Dl) /(IL)R;L(/\) du;

1

’ 1 '
e Sy TR [, EOR)(4) A

1 ' 1 '
= 2mi J+n0) [WRA) dp + 5 fm(o) gNRy(4) A

— ! !
=52 Jemop Jesoy [(WgWR(A)RY(A) d\ du

- R\(A) - RI(A)
“ant Jomoy Juaoy WSO\ T

1
" 4n?

+B(D)) f+ B(D) fG)gN) K, Ny dhd, K, A) € K(X),
by Lemma 7.5.
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Since K(g, A) is a compact operator, the last integral is a compact operator.

-1 R\(A) = R(A)
] +BO) J‘+B(D) [(wg(A) (————# — d\ du

1 /()
= 2mi J+B(D) gNR(4 )2771 f+B(D)[L X

1 , gA)
= 2mi f+B(D1) TWRLA) 22 LB(D) Y .

Since A is not contained in 5_1_, the first of the above integrals equals zero.
1 g
2mi J+B(D) p - A
Therefore, the last integral is equal to

1 ' 1 '
L stl) [(WgUIRI(A) dp = 5— jm(m JWgMRI(A) dA.  Q.E.D.

dy dA

ar = —g(p).

2mi

Lemma 7.7. Let p; and D be as in Lemma 7.4. Let f(\) be such that D C

A(f). Then, .

S f+3(o> JOORN(AYAN = &, K e K(X).

Proof. By Lemma 7.0,

L
2w

. 1 , 1 , ,
Sy DR AN =5 [R5 [ R B K,
K € R(X).
By Lemma 7.4, (I/Z”i)f+B(D) R)(A)dA = K, K€ K(X). Therefore,
1 '

e A=K, K, e K(X).

7mi Jeaoy | WRN(A) & 2 2
Lemma 7.8. Let f € @ (4), and let D and D, be unbounded Cauchy domains

such that g5(A) C[D N D ] [D uD. ]C A(/) and [(B(D ) U B(D,)] does not
contain points of (IJO(A) Tben

. JRYA) dh -

Tt Juso) fMR(A)dA = K, K e X(X).

2mi +B(D,)
Proof. By Lemma 7.3,
1 1
" ) b ,
fm(nl) R A)dh — 5 J-+B(D2) [(A)R)(4) dA

2mi

1
— '
=3 N TRYA) dA ~ — J' sy WRLA @),

where D' and D" have the properties described in Lemma 7.3. In particular, D'
has at most a finite number of points of ®%A) in its interior. Therefore,
(1/2a1) f+B(Dl)f()L)R)'\(A)d)\ is a finite sum of integrals of the form

(1/27)f, g ) fNRN(A)AN, where D is as in Lemma 7.4. By Lemma 7.7, each of these
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integrals is a compact operator. Therefore, (1/271) [,5p',/(NR{A)d] is a compact oper-
ator. Similarly, f+B(D") fQRy(A)dX is a compact operator. Therefore,

1 / 1
JOORY(A) ) - =— )

’ /
3 Jwso) 0, [MR(AYAA = K, K eK(X). Q.E.D.

Theorem 7. Let B, B, € J(A). Then B, - B, =K, K € K(X).

Proof. The theorem follows immediately from Lemma 7.1 and Lemma 7.8.

Definition 12. Let / € @_(4). By f(A) we mean an arbitrary operator in the
set F(A).

From Theorem 7 we have that two different choices of f(A) can differ by at

most a compact operator.

Theorem 8. Let [(A) and g(A) be in Q' (A). Let a and B be complex num-
bers. If we use the same R)(A) and we integrate along the same curve, then
af(A) + Bg(A) = (af + Bg)A), where (af + Bg) is defined by (af + Bg)A = af(A) +
Bg(A). If we use different operators for R;‘(A) or if we integrate about different
regions, then af(A) + Bg(A) = (af + Bg)A) + K, where Ke Kx).

Proof. The first part of the theorem is obvious and the second part follows

from Theorem 7.

Theorem 9. Let f(A) and g()) be in @(A). Then f(A) - g(A) = (f - g)(4) + K,
K € K(X).

(/ - g) is defined by (/ - g)(A) = f(A) - g(A).

Once the curve of integration is chosen and the choice of R)(A) is made, the
compact operator, K, of this theorem can be computed directly.

Proof. By [6, Theorem 3.3], there exist unbounded Cauchy domains D, and
D, such that 0,(A) CD,, D, CD, C[A(f) NA(g)]). Further, since C(D,) con-
tains at most a finite number of points of o%4), D, and D, can be chosen so

that (D, - 5—1) does not contain any points of ®%(4).

1 '
f(A) = f()] + 507 f+B(Dl) /(,u)R#(/\) d,
1 /
g(A) = gloo)] + 57 f+B(D2) gMR(A) dX,
L

7(A) + glA)= f()gloa)] + f(c0) LmD | gWR{(4) dA
2

2mi

L

+ gloo) 57

L-B(Dl) [(IR(A)

v Z—r-r17 f+B(DZ) / o) | MR (ARYA) dud\.

As in the proof of Lemma 7.6, the last integral is equal to
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1
2mi

g(A)
f+B(D)/( )R (A) 5 2mi J.+B(D) —pdAd
1
T 2mi

[
LB(D ) gMRN(A) 5— LB(D) T dudh+ K, K eK(X).

Since p € D, [1gp )g()\)/()\ wdA = g(u) — g(). See [6, proof of Theorem 4.3].

Therefore,
1 B g()‘)
Zni Jrapy [ WRAA )2771 Lmom o
1 !
" 2ni J+miD) FGR (AN glp) ~ gloo)] du
- L (WgGIR(A) dyt — gloo) '
T 2m +B(Dl)/ W A) ap = gleo) 5 LB(DO [GR(A) dp.

Since A ¢ D, (1/2mi) f+B(D1)/(")/(# — Ndp = f(=). See [6, proof of Theorem 4.3}.

Therefore,

i ' 1 f([i) '

717 Jumoy SR 5 [y ity A= 1) o fwa) gWRY(A) .
Therefore,

1 '
1(A) + g(A) = [(w) - gloo)] + =— f+ 5oy 1(WepR(A) du

=(/.- @A) + K, KeKX. Q.E.D.,
Theorem 10. Let f(A\) = 1. Then f(A)=1+K, K € Kx).

Proof. f(A) = f(eo)l + (1/277) f+B(D)R£(A)d)\, f(eo)l = 1. As in [6, Theorem 4.2},
1 ' -1 '

2mi f+B(D) RiA)dh = 72 LB(D B Ry{A) an
where D - C(D) is a bounded Cauchy domain. D C (I)A By Lemma 7.2, D,
contains at most a finite number of points of o0 (A) in its interior. Therefore,
by Lemma 7.4, (1/271) R;(A)dA is the sum of a finite number of compact

y +B(D RN p
operators. Therefore, (1/2771) f’rB(D )RA(A)d)\ is compact. Therefore,

f(A)=1+K  KeKRX. Q.E.D.

Theorem 11. Let A be a bounded operator on X, and let | € (‘-I::O(A). Then
f(A)=(1/2mi) f+B(D)/(A)R;(A)d)\,wbere D is a bounded Cauchy domain such that
0,(4) CD, and D C A(f).

Proof. Let C be a circle of radius 7, so chosen that D lies in the interior
of C, C and the region exterior to it lie in A(f), and  is greater than the spec-
tral radius of A.

By Theorem 6, Ry(A) = (A = A)~! in that component of ®, containing C and
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the region exterior to it. The rest of the proof is entirely analogous to that of [6,
Theorem 4.4].

Definition 13. Let A € L(X). By (@'(4) we mean the family of all analytic
functions, f(A), such that g4(A) C A(f).

Definition 14. Let / € @'(A4). The class of operators F*(4) will be defined
as follows: B € $*(A) if and only if

L
2mi J+B (D)

where D is a bounded Cauchy domain such that

(1) Uq;(A) cD,

(2) D CA(Y),

(3) B(D) does not contain any point of ®°(4).

Definition 15. Let / € @'(4). By f*(A) we mean an arbitrary operator in

F*).

f(R)(A) dA

Theorem 12. Let B, B, € $*(A). Then B,-B,=K,Ke Kx).

Proof. The proof is entirely analogous to the proof of Theorem 7.

Theorem 12 shows that two different choices of [ *(4) can differ by at most
a compact operator.

Theorem 11 shows that if f € @’ (4), where A € L(X), then [*(4) = f(A).

Theorems 8 and 9 have obvious analogues to f*(A) and the proofs are com-

pletely similar.
Theorem 13. Let A € L(X), and let f(A\) = 1. Then [*(A) =1 + K, K € K(X).

Proof. /*(A) = J+B(D) Ry(A)4A. Combining Theorems 10 and 11, the theorem

follows immediately.
Theorem 14. Let A € L(X). Let f(A\) =\. Then f*(A) = A + K, K € K(X).

Proof. Since A € L(X), o{A) is bounded. Since f(A) is entire, we can choose
D to be the interior of a circle whose radius, 7, is greater than the spectral radius
of A. Then, by Theorem 6, R;(A) =(A-A)"! along B(D). The rest of the proof
is then the same as that for the standard operational calculus. See [4, Chapter
VI, Theorem 3.3].

Theorem 15. Let A be closed and let | € @o'o(A) Suppose [(A) has no zeros
on 04(A) or at . Then [(A) bas a quasi-inverse in L(X).

Proof. Let g(A) = 1//(A), whenever f(A) £ 0. Alg) contains OO(A) and a
neighborhood of . Therefore, g € @;(A)
By Theorems 9 and 10,

(A =1+ K, gA(W)=T+K, Ky, Ky eKX). QE.D.
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Theorem 16. Let A be bounded and let [ € @'(A). Suppose [(A) bas no
zeros on 0g(A). Then [*(A) bas a quasi-inverse in L(X).

Proof. The proof is analogous to that of Theorem 15.

3. Polynomials. If f(A) is a polynomial function, and A € L(X), then [ €
(@'(A), and the operational calculus which has been developed applies to [*(A).

However, if A is unbounded, the operational calculus described in §2 does
not apply to A because [ ¢ a;(A). In this section we will develop an operational

calculus for polynomials.

Lemma L1. Let M) =(a-MN"1 a e [CIJA\(I)O(A)]. Then 3K € K(X) such
that f(A) - K = R(A).

Proof. f(A) = f(eo)I + (1/274) f+B(D)(a ~ A7 !RJ(A)dA, f() = 0. By Lemma 7.5.

$2,

R(A) = R(A) + (e~ MRAIR!A) + K(a, A),  K(a, A) € K(X).

! 1
fA) =5 f+3(o> o R dh+ 5 fB(D) Ry(A)R!(A) d\
1 1
* o f+3(p) Py K(a, A) dA,
1

et ' ' _ 1 ] I(
a7 Sy RN k= — J ooy BXAY AR,

(1/2m1) f+B(D)R)l«(A)dA is a compact operator as shown in the proof of
Theorem 10, $2. Therefore, (1/271) JsB(D) RY(A)R,(A) dX is compact.
(1/2m8)f,5pyla - A~ !K(a, NdA is compact, because K(a, A) is compact for all A € B(D).

-1

1 1
i LB(D) a-A R{A) dh - 2mi f+3(ol) a-A R{A)dh = R (A)

where D = C(D). Therefore, f(A) = R;(A) + K, K e K(X). Q.E.D.

Definition 1. Suppose P(A) = Z7_  a \". By P(A) we mean 37_ a A’

If P(\) is a polynomial of degree 7, clearly the domain of P(A), D[P(A)], is
equal to D(A™).

Lemma 1.2. Let n be a positive integer. We can choose R\(A) so that ¥j <
n the following hold:

(1) R{[R(A)Y} C D(47),

2) (- A) [R i(A)]j =1+ F]. , where F]. is a bounded finite rank operator.

Proof. Let )\ e{d (A)\S (A)} where § (A) is as in Theorem 1, $2. ()\ - A)

€ ®(x). By [3, Theorem 2.5], D(A™) = D[(/\ - A)"] is dense in X. We can set
X =R\, -A)®Y,_, where Y, is a finite dimensional subspace of X contained

in D[Al - A" The last requirement can be satisfied as seen in the proof of
[3, Theorem 2.5]. Therefore, the Ti used in the definition of R;(A) for
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A€ (I)z.(A), can be chosen so that ()\i - A)Ti =1 - le. , with F2i being the pro-
jection of X onto Y along R(A, - A).
Claim. (X - A)j[R):(A)]j is defined and is equal to

j =1
I- ]z (A= AYF, LA = AT, + 07 [RY(A)TY

¥=0
when j <n.

Proof of claim. The proof proceeds by induction. If j =1, (A — A)R,(4) =
- A)Ti[()\ - )\i)’l-"l. 17 =1- in[()\ - )\i)Tz. +11° L Suppose the claim is true
for j — 1. Then

=2
A= AV RV = 123 (A= AVYF, [ = AT, + N7 RYAT™.

v=0

Then

=1
(A = AVIRY(A = 1- Fy [\ - \)T, + 71 - ]z_j (A = A)7F,, [ = AT, + D[R,

v=1

The expression in the summation is defined because R(in) C D(A™). Combining
terms we get

. . izl
A A-AVRAY =1- Y (A= AYF, [0~ 2T, + 07 [R(A]”.

v=0

The claim is now proven by induction. Since F,. is a bounded finite rank oper-
ator, (A — A)VFZi is also a bounded finite rank operator even though A is not
bounded. Therefore, the sum in (1) is a compact operator. The lemma is now

proven.

Lemma 1.3. Let A bhave a left quasi-inverse AO’ and a right quasi-inverse
A e, AgA =L+ K| payand AA =1+ K,, K, K, € R(X). Then (45 -4))

e K(x).
Proof. AgAA = (I + KDA =AU +K,). Aj-A =(K A -AK,) e Kx).

Lemma 1.4. Let n be a given positive integer. Then for each X in
[(DA\CI)O(A)] except for at most an isolated set 3K, € K(X), such that [R;(A)]”
+ K is a quasi-inverse of (A - A)".

Proof. By Lemma 1.2, Ry(A) can be chosen so that [R)(A)]” is a right quasi-
inverse of (A — A)". We shall refer to this particular choice of R;(A) as ‘[R;‘(A)]nv.
By [3, Theorem 2.5], (A = A)” € ®(X). Therefore, it has a quasi-inverse, S. By
Lemma 1.3, § = [R;‘(A)]z +K,, K, e K(x). By the same lemma, R)(A) = [R,'\(A)]n+
Kz, K2 € K(X), when A is such that R;‘(A) and [R;(A)]n are both defined. Note.
R)A) and [Ry(A )]n are both defined for all A € ®, except for at most an isolated
set. Therefore,

[Ry (A" = [RY(AN7 + Ky, K, e XK(x).
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Therefore,
[(RyAI* =s+ K, KeK(X). QE.D.

Lemma 1.5. Let n be a positive integer and let a be such that R, (A) and
[R;(A)]n are both defined, where [R;(A)]n is as in the proof of Lemma 1.4. Let
fQ) =(a =N)~", Then 3K € K(X) such that {(A) + K is a quasi-inverse of
(a = A)".

Proof. By Theorem 9, §2, Lemma 1.1, and induction, we have f(A) = (R, (A"
+K, K, € X(X). By Lemma 1.4, there exists K, e X(X) such that (R, (A)]" + K,
is a quasi-inverse of (a — A)". Therefore, f(A) + K is a quasi-inverse of (a - A)7,
where K = K, -K,

Theorem 1. Let f(\) € & (A), and suppose either (a) that [ has a zero of
order m at oo, or (b) that [ vanishes identically in a neighborbood of ~. Let P
be a polynomial of degree n, where 0 <n <m in case (a) and 0 <n in case (b).
Let HO\) = P /(). Then H € @ (4), 3K, such that R[f(A) + K1 CD(A™) and
K, such that P(A)f(A) + K 1 =H(A) + K. K, K, € K(X).

Proof. Let g(A) = (@ — A)?f(A), where a is as in Lemma 1.5.

1) fN) € @A), O = (o = Vg,
Let (A) = (@ = A)™". By Lemma 1.5, there exists a K € K(X) such that h(4) + K
is a quasi-inverse of (a — A)".

By Lemma 1.2, R;(A) can be chosen so that (a -A)i[R;(A)]i =1+ Kil ,
Vi <n. Ki' € K(X). We shall refer to this choice of R;(A) as [R;(A)]n-. As shown
in the proof of Lemma 1.5, 3K € X(X) such that
@) HA) + K = [R(A)]7.

By Theorem 9, §2 K, € X(X) such that

[(A) = HA)g(A) + K,
= (K(A) + K)g(A) - KglA) + K,
= [R(AN2g(A) - K|, K, =(KglA) - K) € K(X).
(3) L 1A+ K= [R(A(A).

Let GA) =(a = A)""P(A). G\) € @;(A) and G(A) = 3 _pafa- N)i™" where
P(A) = 2y ala - M. By Lemmas 1.5 and 1.3, we have

G(A) = ij ad[RU(A]Z~ 4 K.}
i=0

n
' -1 ¢ '
- Z:()al.[Ra(A)]: T KK, K e K(X),
i=
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Y ala- Ay,

=0

P(A)

3" afa - AV[RAA

=0

P(A)R (A

1]

f a(l+ KR = f a[R(AN~ 4+ K

i=0 i=0

G(A) n Km

Ki, K', K" € K(x),

k]

P(AX(f(A) + K ) = PCAR(A)]7g(A)
= [G(A) + K"1g(A) = G(A)g(A) + K|y = (G + g)(A) + K, = H(A) + K.

Definition 2. Let X' denote the set of all bounded linear functionals on X.
A subset S of X' is said to be total if the only element x € X which annihilates
S is the zero element of X.

At the beginning of §2 it was explained that if A € ®(X), there exists an
operator T € L(X) such that TA =1 - F| and AT =1 - F,, where F and F,

are bounded finite rank operators.

Lemma 2.1. Let n be any positive integer and let A € ®(X). Then T can be
chosen so that FlAj is a bounded finite rank operator ¥j <n.

Proof. Since A € ®(X), A" € ®(X) with D(A™) dense in X. By [4, Chapter
VII, Theorem 4.1], D[(A™)'] is total in X'. (A™)" denotes the adjoint of A™. Let
{xi}fﬂ be a basis for N(A). Since D[(A™)'] is total in X', Bxl' e D[(4™'] 9xl'(xl)
= 1. Let x, € N(4) NN(x/). Ix, € pl(A™)'] 5%,(x,))=1. Let x, =% -

?2' (xl)x; . By induction there exist & bounded linear functionals {xl' }f=1 contained
in D[(AMT 3%/ (x) = 51.].. Letting X, = ﬂle N(x,) we have that X = N(4) ® X .
Letting F, be defined by F x = 2f=1 xi'(x)xl., we see that T can be chosen so
that TA = (I = F )| 4,- Since x; € D[(4™)'], and DI(4™)1 C D[(47)'] when

i <n, we have Flij = Ele xl.' (ij)xi = qu [’ 'xl.' ](x)xi where (Aj)'xi' are

bounded linear functionals. Therefore, F lAj is a bounded finite rank operator.

Theorem 2. Let n >0 be given. There exists a bounded [inite rank operator
F, such that

(R = A" = (U= E)| pany

Proof. The following equation can be proven by induction in the same manner

as the similar equation in the proof of Lemma 1.2.

n-1 . )
[RYAN" A = A = 1= 3 [RYAYIA - A)T, + N71F, (A - AY
7=0
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where F“ is chosen as in Lemma 2.1. Since Fh.Af is a bounded finite rank
operator Vj <n we can take

n-1
F o= 3 [RYAVIN - \)T, + 17'F (A - AY.
j=0

Theorem 3. Let D be an unbounded Cauchy domain such that g4(A) CD.
Let a € C be such that o ¢ D. Then, if P(A) is a polynomial of degree n, there
exists a compact operator, K, such that

1 P(A) n+l1fp!
P(A)x = % +B(D) m (A - a) [RX(A)]n +1x dA + Kx

for all x € D(A™).
Proof. The following formula will be proven by induction.
n
(1) (A= " R, 2= A= Q" [RYA)] , x- kz_:o (A = "~ *(A - a)fx + Fx

where F is a bounded finite rank operator which depends on 7, a, A, and [R;‘(A)]n "

- A)[R)'\(A)]nﬂx =x - Fyx, A[R;\(A)]nﬂx = )\[R;«(A)],, X - %+ Fyx
F, is a bounded finite rank operator.

2) (4 - QRYUAN, 1% = (= ARYAY],, % = x + Fyx.

Thus, formula (1) is true for » = 0. Suppose (1) is true for n — 1. Then

n=1
(4- " [RY(A] , x= =" [RYA]_, x- ¥ (=" '"¥A - aFx+ Fx.

k=0
Then

(A - @ HIRYA,
~ (- ™A~ QRLAY, ,, - kzol (A= @1 =F(A - @* ey F
= (A= @"[(A - Q[RY(A)]_, x - x+ Fyx]
- nki: (A= "~ 1=%A - )k * x4 Fx by (2)

= (A= "R, x- (A -+ (A=~ Q"Fyx
n-1
=Y A-arRA - Rty Fix
k=0

— (= " MRAN, x - k};o (A= a)"~*(A - *x + F(x).

This completes the proof of (1) by induction.
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L R e L ) I
2mi J4B(D) () _ qn+! n

! PR [()\ ~ QmHRIA)] | x

T 2mi JiBD) (\ _ n+l

- 3 - @A e ]
k=0

1 '
{ pipy PR, x A

T 2mi

T 2

1 < —k-1(4 _ )k
LB(D) P()\) kf:o (A= a)~* 1A - )Fxdr

L PN ryxan.
2mi J+B(D) () _ gyn *1

Since C(D) contains at most a finite number of points of ®°(4), the proof that
the first of these integrals is compact is similar to the proof of Lemma 7.8, $2.
The last integral is compact because F()) is compact for all A € B(D). It remains

only to consider the middle integral:

1 id —k-1 k
= — - - A
B 577 Jeneo) P(A) ];:0 - (A - a)rxd

Let POV =37_ a2 (A - ). (1/279) [,53py PO/ = a)¥™ldr =~ a,,
. no] P()) k
. B=_}§)27}’.[+B(D)m(A-a) x d
- i - a,(A-afx= P(A)x. Q.E.D.
k=0

Theorem 4. Let [ € & (A). Let D be an unbounded Cauchy domain such that
OQ(A) CD and D CA(f). Let a € C be such that a ¢ D. Then given any positive

integer n, there exists a compact operator K such that

1 /(A) n+lfp’
f(A)X = 371 J+BOD) m(A -a [RA(A)]n+1xd/\ - Knx Vx € X.
Proof.
L /(X) n+lfp?
57 s L4 R, s
1 '
=57 Jopipy [VIRIAL,  xar

) —:'l— -k-1 3
) kz=:0 2mi LB(D) fOA - (A - a*xdr

1 ()
-5 LB(D) e FO)xd\, FO) e K(X).
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The proof of this statement is similar to the proof of the corresponding statement
in the proof of Theotem 3.

(1/2ﬂi)f+B D )(/()\)/(/\ - O’;)"H)F()\)x d\ is compact because F(A) is compact
for all A € B(D). Since a ¢ D,

1 —k-1 k f(A) &
I U BL L)

where D, is the infinite region of D.

1
2wi

k- 1 L
f+B(D) fON = )%~ 1(4 - a)kxd)\=-2ﬂ—ifr T = )%= 1A - a)kxar

where I is a circle of radius R > 2|a| lying in the outermost region of D.

1 ) k
2mi J+B(D) (A_a)kn(A‘a) x dh
where |f(\)| <p when |A| > R. Such a p exists because f(\) € ({_(4). Letting

R — «, we see that

2’?, +1
S Tt 1A — o

1 —k-1 k .
2mi Jso) fA = a) (A-a)*xdr=0, if k> 0.
If k=0, let p=1/(A = a) and let g(p) = f(A).
1 f(\) 1 -gp
2nmi +B(DI)A-axd’\_7EZIn m * i,

where Q is the oriented image of + B(Dl) under the mapping p = 1/(A — a). Since
f(A) is analytic on D, and at infinity, g(p) is analytic in the interior of Q.

1 ) g(u)
07 ooy o F - = — —g(0)x = —f()x
.1 /)

_ ntlp!
2mi +B(D)(A_a)n+l(A ) [RX(A)]"“xd)\

1
" 2mi JeB(D)
Theorem 5. Suppose f € A_(A) and [(\) £0 for X € 0y(A), but that f(=) = 0
the zero at infinity being of finite order m. Then 3K, K,, and K, € K(x), and
a closed operator B such that

/()\)[R;\(A)]nﬂxd}\ + f(oo)x + K x= f(A)x + K x.

R(f(A) + K) C D(A™) = D(B) and B({(A) + K)) = I + K,.

Further, for all x € D(A™),
1 m+1]— ' m
B(x) = 57 f+B(D) [fWA = ™1~ XA - )R\(ANa - A)"xdX + K,x,

where D is an unbounded Cauchy domain such that g4(A) CD, D C A(f), and
fA) £0 for A € D. a is chosen so that a ¢ D and ~[R;(A)]m is defined.

Proof. Let g(A) = (a = A)™f(A). g(A) € @ (A) and g()) does not vanish on
OQ(A) or at infinity.
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Let 5(A) = 1/g(A). b)) € @ (A).
hA)g(A) = 1+ K,
gABA) = 1+ Ky, K, Ky eK(X),

fQ) = (a=A)""g).
By Lemma 1.1, and Theorem 9 of §2, f(4) = [R}(A)I™ g(4) - K, K, € K(X).
Let B = h(A)a - A)™.
B(/(A) + K,) = h(A)a- A)"[R(A)]7g(A)

= h(ANI - F)g(A), by Lemma 1.2,

= KA)g(A) - F, a1+ K,, F, F,, K, e K(X).
To prove the second part of the theorem, we use Theorem 4, letting n = 0, repla-

cing f(A) by h(A), and replacing x by (a — A)™x.

4. The ®-Spectrum Mapping Theorem.
Definition 1. &(A) is defined as follows:
a(A) if A is bounded,

o(A) =
0(A)U (w) if A is unbounded.
In the standard operational calculus the Spectral Mapping Theorem states that
olf(A)] = fla(A)).

Definition 2. &’(A) is defined as follows:

a,(A) =

{a‘b(A) if A is bounded,
[ J

04,(/4) Ulee) if A is unbounded.

In this section we will show that for our operational calculus OQ[/(A )N =
15 4(4)).

Lemma L1. Let f € 8.(A) be such that FQA) = fA\(a - A) € & (A), Then
1K, Ky, Ky €X(X) such that (F(A) + K )| 4y = ((A) = K )T + K;)a - A).

Proof. Let 8 € {CDA\(DO(A)}, let g(A) = fA)B = A), and let G(A) =
(@ =NB-N"1 g, GA) e @ (A).
gNG\) = F(Aj;
(1) 7. glA)G(A) = F(A) + K, by Theorem 9, 52, K, € K(X).

/) = gM(B -1

By Lemma 1.1, § 3, and Theorem 9, $2,
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[(4) = gARKA) + Ko K, € K(X),
f(A) - K, = glARLA),
(/(AY = K )(B - A) = dARLANB = A) = g(ANI + K lpay = (&(A) + Kl pas
2 . . . 8("‘)‘13(11)= (f(4) - Kz)(B -4)- K6|D(A)'

G = (a=NB-N"1=(a-pB-N""+1.
- by Lemma 1.1 of §3,

3) G(A) = (a- PIRYA) + I+ K,y K, € K(X).
Ri{A)a— A) = RfANa= B+ B = A) = (a- BIRYA) + I+ Kllp 05 Kg € K(X).
Therefore, by (3) we get
(4) G(A)| pay = Rg(ANa= A) + Kol oy Ky € K(X),
) (G(4) = Ko)l pay = RfANa~ A).

Note. RYG(A) - Kyl| f4,} C D(A).

A g = SALGA) = Kol ey + Kol pay
LA = KB = A) = KIRAAN e~ A) + glA) K pay
by (2) and (5)

= (f(A) = K )XB - ARG(ANa= A) + Kol pan Kip €KX,

because R['g(A)(a — A) is bounded.
g(AG(A)] gy = (f(A) = KU+ K Na= A) + Kol gy

= (F(A) + K ) pay by (1)
(F(A) + Kl pay= (/(A) = K)U + K;)a- 4).  Q.E.D.
Theorem L. If [ € AL(A), then a4[f(A)] = f[G,(A)].

Proof. First we show that f[64(4)] C g,[/(A)). Suppose p € og(A). Let g(A)
= (f(p) = fON (@ - A1 when A # p, and let g(p) = (). g\) € &;(A)
By Theorem 1, §3, 3K, K, € K(X) such that R(g(4) + K,) CD(4) and

(1) (n - ANglA) + K)) = [() - f(A) + K,
By Lemma 1.1, 3K;, K, K € K(X) such that
2) () = 10A) + Kl peay = (A = KU + K = A,

Since p € 04(4), either alp - A) = o0 or Blu—~A) =, or R(i — A) is not closed.
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By [2, Lemma 332], if R(u — A) were not closed, B(p — A) would be infinite.
Therefore, either alp - A) = o or Blu - A) = .

If alp~A) =, then alf(y) - f(4) + K,) = =, by (2). Therefore, (f(u) ~Y(4)
+ K3) ¢ ®(X). Therefore, (f(u) - f(A)) ¢ ®(X) by [3, Theorem 2.8].

If B~ A) = o, then B(f(p) - f(A) + K,) = co. Therefore, (f(u) - f(4) + K,) ¢
®(X) and (f(p) - f(A)) ¢ ®(X) by [3, Theorem 2.8].

/() € ay[(A)].

We will now show that f(«) € 0 lf(A)] if A is unbounded. If f(co) = f(A) for
some A € o¢(A), then f() € OQ[I(A)] by what has already been proven. Therefore,
we shall assume that () — f(A) £ 0 for any A € 04(A). Let g(A) = f(x) - f(N).
Suppose g(A) has a zero of finite order m at «. Then by Theorem 5, §3, 3K €
X(X) such that R(g(A) + K) C D(A™) C D(A).

Claim. D(A) has infinite codimension.

Proof of Claim. As in the beginning of $2, X = NQA, - A) & X, where
dim [N(/\i - A)] <o and X, is closed. Ve defined an operator T; such that T, is
bounded and R(Ti) =D(A) N X, If D) N X, were closed, we would have D(A)
closed, because D(A) = [D(A) N Xi] ®N(A). But D(A) is not closed, because A
is unbounded. Therefore, D(A) N X, is not closed. Therefore, by [2, Lemma 332],
D(A) N X, has infinite codimension. Since D(4) = [D(4) N X, J®NQ, -A), and
dim N()\i — A) < =, we see that D(A) has infinite codimension. This completes
the proof of the claim.

Since R(g(A) + K) CD(A), we have that B(g(4) + K) = . Therefore, (g(A) +
K) ¢ ®(Xx). -~ g(4) ¢ ®(X) by [3, Theorem 2.8].

We shall now suppose that g(A) = f(A) - () has a zero of infinite order at oo.
This means that g(A) is zero on a neighborhood of .. Since g(A) # 0 for any A €
04(A), 0 (A) must be bounded.

Let »(X) be defined in the following way. Let C be a circle that contains

04(A) and the point A; in its interior. Then

1 if A is in the interior of C,
h(A) =
0 if A is in the exterior of C,
(3) h(A)g(A) = g(A) + K,
€)) gAh(A) = g(A) + K,, K, K, e KX),

1 ' 1 -1
- L [ria-nr A
WA =5 [LRIA = — [ TI0-)T+ 17

By the same argument used in the proof of Lemma 7.4, $2, we have

1 [ -1 1 -
b(A)=ﬁL~71d‘”2_n7fr(’”Ti) A

where I' is the image of C under the mapping p = 1/ - )\i).
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R(Tl.) CD(A) £ X because A is unbounded. Therefore,
&) 0 €04(T) Ca(T) because B(T) = .

Since )‘i is in the interior of C, zero will be in the interior of I'y and T will
have a negative orientation. Then 5(A) =1 - (1/2mi) f-I‘ lu-CT1)1" ldy.

By (5), 0 € 0,(~ T,) Co(- T)). h(A) is thus seen to be the projection associ-
ated with a spectral set of -T,, ol(- Ti), which does not contain zero. For a dis-
cussion of spectral sets and projections, see [5, p. 298). Since 0 € gy(-T), we
see by what has already been proven that 5(A) ¢ ®(X). Therefore, a(h(A)) = = or
B(5(A)) = . Using equalities (3) and (4), we see that g(4) ¢ ®(X), or f() €
04lf(A)). The proof that /[3¢(A)] C UQ[I(A)] is now complete.

We proceed to prove that g, [f(4)] C [[5,(A)).

Let B € gy[f(A)l. Suppose A is bounded and B ¢ flog(A)).

Let 5(\) = 1/(8 - f(W), b(N) € @'(A).

By Theorem 11, $2, f(A) = f*(4). Therefore, h*(A)B - f(A)] =1 + K,
(B-fNbs A) =1+ K, K, K,, € K(X).

Therefore, by [3, Lemma 2.4], B € ®[f(A)]. Since this contradicts the assump-
tion that B € g,[f(4)], we must conclude that B € flo,(4)].

If A is unbounded and B ¢ f[G4(A)], then H(N) = 1/(B8 - f(A) € A (A).

HAB-f(A]=1+K, [B-[AWA=1+K, K, K, eKX.

We conclude that 3 € /[6}(/\)] just as we did when A was bounded. Therefore,

o lf(AN C fl6,(A)). Q.E.D.

Theorem 2. Suppose [ € A_(A) and g € Q'[f(A)]. Define F by F(A) = g[f(\)]
for fA) € Alg). Then F € @L(A) and F(A) = g[f(4)] + K, K € K(X).

Proof. By Theorem 1, G4(A) C A(F). Therefore, F € a.(a).

Let D be a bounded Cauchy domain such that o,f(4 YIC D and D C Alg).
Let D, be an unbounded Cauchy domain such that ag(A) ch,, 51 C A(f), and
f(D,) CD. Then, if A is unbounded, F(A) = F(eo)l + (1/2mi) f+B(Dl)g[/(é)]Ré(A)d§.

1 g(\)
gl/(§) = 2mi J+BD) A - f(&) A

Let b, (&) = [A - f(H17 !, where A is fixed on B(D).

AN = f(A] = T+ K,W), A= f(Alby(A) = T+ K,00, K, K, e K(X).

By Lemma 1.3, §3, 5, (4) = R{[/(4)] + K,(), K;(A) e X(X). K,() is continuous
in A on B(D), because b)(A) and R;[/(A)] are continuous in A on B(D).
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1 g(A) 1 1 g(A) ,
Fl4) - 2mi LB(D) A= [(e0) N f+B(Dl) 271 f+B(D) A= f(&) a Rf(A)d‘f
1 1

__1 '

= 77 Jenpy SNV AT+ o LB(D) g o f+B(Dl) by(§IR,(A) d dh
1 1

T 2mi LB(D) gWby() M1 + 77 LB(D) gMhA(A) = hy(e0) 1] dA

e i BV = 5 [ SR 4 K] A

=glf(A1+ kK, K eK(x).

If A is bounded, F(A) = (1/2ni) f+B(D1)g[/(‘f)] Ré(A)df where D, is a bounded
Cauchy domain. The rest of the proof proceeds as above. Q.E.D.

5. An analytic basis. In [2, Theorem 3], it is shown that if A€
{‘I)i(A)\Si(A)I, there exist n vector valued functions, {xi()‘)}?ﬂ’ analytic in some
neighborhood of A, which form a basis for N(A —= A). We proceed to show that the
functions, {Xi()\)i;’._.l, can be chosen so that they are analytic in all of

104 )\Si(A)} except for at most a countable set of points having no accumulation
point in q)i(A)°

Theorem 1. Let (I)l.(A) be a component of ®,, and let A; be any point of
{(I)i(A)\S"i(A)}, where Si(A) is as in Theorem 1, §2. Let X1y e+, x, beabasis
for N(A - )\i). Then there exist vector valued functions, xl()\), ooy xn()\), ana-
lytic for all A € (I)i(A) except for at most a countable set of points having no
accumulation point in (I)i(A), such that x].()\z.) =x,1<j<n, and {xj()t)};'=l form
a basis for N(A = X).

Proof. Define the operator R)(4) on ®(A) as in Definition 8, $2, and let
A, be the point used in the definition. Ry(A) = TIW = A)T, + 117 I Let M e
{®,(AND(A)} and let x € N(4 = \).
RA(AA = A)x = x = [(A= AT, + n- th.x =0,

x= [\ - )\I.)Ti +1- th.x.

Let Fy;x = 2;’._.1/].(x)x7., where {/j};'q are bounded linear functionals on X.
Now,

x= i /j(X){[(?\ - MT+ 117 lxji.
i=1

Therefore, the n vectors, [(A - )\i)Tl. +11° lx]., 1<j<n, span N(A =) and since
a(A = X) = n, they must be linearly independent. Therefore, the vectors, x,.()\) =
[ - )\i)Ti +117 lx’. , 1<j<n, form a basis for N(A = A). We also have that

-1
x’.()\i) =[O, = A)T, + 1] x;=x. QE.D.
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