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ABSTRACT. Let  A   be a closed operator on the Banach space   X.   We con-

struct an operator,   R^(A),  depending on the parameter, X,  and having the fol-

lowing properties:

(X-A)R'xiA) = I+Fv

R¡ÍA)iX-A) =I+F2

where   F.   and   F,  are bounded finite rank operators.   RAA)  is defined and ana-

lytic in  X  for all ' X e ♦ .   except for at most a countable set containing no accumu-

lation point in*^.

Let  o-AA) be the complement of +., and let f e â   (A), where 0^,(4) de-

notes the set of complex valued functions which are analytic on   crJA)  and at

(oo).   We then use the operator,   R \(A),  to construct an operational calculus

for  A.   f(A) is defined up to addition by a compact operator.   We prove for our

operational calculus analogues of the theorems for the classical operational cal-

culus.   We then extend a theorem of Kato by using the operator,   R^(A),   to con-

struct an analytic basis for  N(A — X).

J. Introduction.  In [6], Taylor developed an operational calculus for closed

operators.   If A  is a closed operator and /(A) is analytic on oiA), /(A) is then

defined by /(A) = (l/2rrz) J+B,D) /(A)Px(A)o"A where  D   is a suitable domain and

/<^(â) is the resolvent operator.   In this paper we develop an operational cal-

culus which extends the set of functions which can be applied to the operator A.

Let A   be a densely defined closed linear operator from a Banach space X

to a Banach space  Y.

Definition 1. A   is called a Fredholm operator if

(1) a(A) = dim [NiA)] < oo,

(2) RÍA), the range of A,  is closed in  Y,

(3) /3(A), the codimension of RÍA) in  Y,  is finite.

We denote the set of Fredholm operators from X  to X  by  <t(X).
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440 JACK SHAPIRO AND MARTIN SCHECHTER [January

Definition 2.  Àe^   if and only if (A-A) £ <£(X).

Definition 3. A e o¿(A) if and only if (A- A) 4 $(X).

Let   \xJ.A)   denote the set of all complex valued functions,/(A), which are

analytic on a^iA).   In this paper we show how to define an operator /(A)  for / £

Q'iA).
oo       '

Let L(X) denote the set of all bounded operators on X.

Definition 4. We shall say that the operator B £ LÍX) is a quasi-inverse of

the closed operator A if Riß) GUÍA) and there exist compact operators K and

K2 such that AB = I + K x  and BA = (/ + K 2) |     ^ .

If A £ <1>(X), then A  has a quasi-inverse.   See [3, Lemma 2.3].   We denote the

set of all compact operators on X by MX).

Let $.(A) be a component of <&,,.   For each A e <1>.(A) there exists an opera-

tor B x £ LiX) suchthat iX- A)BX = 1 + K' and BX(A-A) = (/ + K")\D(Ay where

K' and K "   ate compact operatots.   If /(A) is analytic on aAA) we would like to

define /(A) by /(A) = (l/2zrz) J+B(D) f(X)BxdX where D  is a suitable domain and

Bx is a quasi-inverse of (A - A).   However, Bx,  if chosen arbitrarily, is not ana-

lytic.

In §2 we show how Bx can be chosen so that B^   is analytic in A throughout

•ÏXA) except for at most a countable set of points having no accumulation point in

$.(A).   We shall refer to our choice of Bx as R^iA).   We call R\iA) a quasi-resol-

vent operator.   Although  R\(A) can be chosen in different ways, any two choices

of R\iA) differ by at most a bounded finite rank operator.

For each / £ (Í (A) we define a class of operators j(A)  in the following way:

B  e ?(A)  if and only if

B-/<-)/+ ¿7 J+ f(X)R[iA)dX
B(D)

Different choices of R\iA) and D  give different members of AiA).

In Theorem 7 we show that any two members of AiA) can differ by at most a

compact operator.   This compact operator turns out to be the limit of finite rank

operators.   It should be pointed out here that all the compact operators mentioned

in the theorems of this paper turn out to be limits of finite rank operators.   We

then define /(A) to be an arbitrary member of AiA).

In Theorems 8 and 9 we show that if a and j8 are complex numbers, and /,

g £ Cf (A), then a/(A) + ßgiA) = (a/ + ßg)A +KX and /(A) • giA) = (/ ' g)A + K2,

where K    and K2 ate compact operators.   These compact operators can be com-

puted directly.

In Theorem 10 we show that if /(A) = 1, then /(A) = / + K, K £ K(X).

If A   is bounded we define U (A) as the'set of all functions which are analytic

on aAA).   It f £ (t'(A), we then define the class of operators A\A)   as follows:
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B  £ f*(A)  if and only if

B = JL   f f(X)R'AA)dX
2tti   J+B(D)' x

where D  is a suitable bounded domain.   We then define f*(A) to be an arbitrary

member of J"  (A).   We then prove analogues of the above theorems for /*(A).

Theorem 11 shows that if A   is bounded and / £ U^(A), then /*(A) = /(A).

We wish to point out here that if A   isa bounded operator one can construct

an operational calculus in the following way.   Let 2  be the quotient algebra

L(X)//C(X).   Let [A] be the image of A  under the natural homomorphism mapping

L(X) to Q.   Then it follows from [3, Lemma 2.3],  that a([A]) = o^ÍA).   Therefore,

if / £ (l'(A), then / must be analytic on ct([A]).  /([A]) can then be defined by

/(A) may then be chosen to be any pre-image of /([A]) under the natural homomor-

phism.   The disadvantage with this approach is that the particular choice of /(A)

is completely arbitrary.   In our approach, once we choose a region for integration

and make a particular choice of R'^iA), /(A)  is automatically determined.   If A

is unbounded, then the first method cannot be applied at all because we cannot

construct the quotient algebra.

In Theorem 15 we show that if / £ (^(A) and if / does not vanish on <7.(A),

then /(A) has a quasi-inverse in  L(X).

In §3 we apply the operational calculus to polynomials.   Let  P(A) be a poly-

nomial in A.   Since   P(A)  4 (l,(A) we cannot define the operator PÍA) in the

manner described above.   If

P(A) = ¿ a.A¿,
7=0

we define PÍA) by

PÍA) = ¿  a.A\
7=0

We then prove the following result in Theorem 1 of this section:

Let fiX) £ QA.A),  and suppose either (a) that / has a zero of order 7zz  at  oo,

or (b) that / vanishes in a neighborhood of oo.   Let  P  be a polynomial of degree

Z2, where 0 <n <m  in case (a) and 0 < 72  in case (b).   Let //(A) = P(A) /(A).   Then

V(fT)£ (f (A),   3/C1 £ K(X) such that P[/(A) + K {] CD(A") and    IK2 £ K(X) such

that PÍA)[fÍA)+ Kl] = HiA)+K2.

Theorem 3 then shows how to express PÍA) as an integral.

We now give an example of our operational calculus.   Let H be a Hilbert

space with orthonormal basis je¿i°°=0.   Let U be the unilateral shift defined by

lie . = e ..,.
7       7 + 1

U , the adjoint of U, then has the following property.
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Ue.= e._x     forz>0,     and     UeQ=0,

aiU) = aiU*) = {A : |A| < 1|;       a^iU*) = {A : |A| = 1|,

iU*U)x=I,       iUU*)x = (/- Fj)x,

where E    is the orthogonal projection onto [e.], the space spanned by e  .   Let

p(a) = (a- y2)ix + y2),    píu*) = iu*- y2)iu* + y2).

We shall construct an operator B   such that

BPiU*) = /+ K,       K e.K(X).

Let fiX) = 1/(A - l/2) (A + y2).   fiX) is analytic on o^iA) but not on aiA).   We define

/(I/*) by

/(t/*) = J-   f     -i-   (-c/)[-AL/+/]-1a'A
' 277Z Jc, (A _ ./)(a + y2)

+ —   f     ---  (A-c/*)-1^
2ni Jc2 ix-y2)ix+y2)

where Cj  is the circle  |A| = 3/4 oriented clockwise, and C    is the circle   |A| = 2

oriented counterclockwise.

2m  Jcx (A _ y2)ix + V2)

1     f 1 °°
= 2^Jc1-U_H)(A+14)BÇ/ntyB+iA

y un+1^~ ç ■-dx
~n 2m  J-C

X"

-c1 ix-y2)ix+y2)

2rri  JC    (A- V2)iX + V2)

£ u"+\iy2r - i-y2y] = ¿ 4 (íQ" = u2 (i - Çj

(A- ij*)-1^

2\-l

i- f
Ï7TZ    ->C¿

-AÀ.   f ! (l      y*)
-2m' JS'(l^l+^ '

J2   Va -   /2;

1

dp

where ft = l/A, and C2  = ¡ft: [/x| = l/2\.

Since the integrand is analytic in fz on C,   and on the enclosed region, the

above integral is equal to zero.   Therefore,

B = /(fJ*)= U2il- U2/4)~l
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and

ß • PÍU*)= 1+ K,       K eX(X),

by Theorem 15, §2.

A direct calculation gives

K = iy2u+ i)-1Flíu*-y¿-í-y2u+ /)-1e1(l/*+m)

where  E     is the orthogonal projection onto  [e Q],

§4 is devoted to proving the analogue of the Spectral Mapping Theorem for our

operational calculus.   We define oAA) as follows:

( oA A) if A is bounded,
o$(A)= {

/ CTj/A ) U (oo)    if A  is unbounded.

We then prove the following ^-spectrum mapping theorem.

Theorem 1.  // / £ (f (A), then  a$[/(A)] =/[^(A)].

We use Theorem 1 to help prove the following theorem.

Theorem 2.   Let f £ (£(A) azza" g £ (Î'[/(A)].

Define  E by  E(A) = g[/(A)].   Then E e (f (A) and E(A) =g[/(A)] + K, K £

K(X).

In §5 we use our analytic quasi-resolvent operator to extend a theorem of

Kato.   In [l, Theorem 2.3], it is shown that if $;(A) is a component of $^, then

a(A - A) = zz   is constant for all A e $.(A)  except for at most a countable set of

points having no accumulation point in $.(A).   For these points, v., i = 1, 2, 3,

•. •, aiv. - A) > n.   We shall refer to this exceptional set of points as S (A).   In

[2, Theorem 3], Kato shows that if A. £ <$ .(A)\S .(A),  there is a basis of NÍA - A)

consisting of tz  vectors x (A), i = 1, 2, • • •, n, which are analytic in a neighborhood

of A..   The following theorem gives a stronger result.

Theorem 3.  Let  <£.(A) be a component of «P^, azzci let  X. £ $ .(A)\s .(A). Let

x     x 2, • • •, x     be a basis ¡or NÍA - A).   Then there exist vector valued functions,

x AX), xAX), • • •, x  (A), analytic for all X £ <t> iA) except for at most a countable

set of points having no accumulation point in  $.(A), such that x.(A.) = x ., 1 <

j < zz, azza" jx (A)| "      form a basis for NÍA - A).

In each section theorems are numbered according to the order in which they

appear.   The lemmas are numbered according to the theorems for which they are

needed.   For example, the third lemma used in proving Theorem 7 is numbered

Lemma 7.3.

2.   The operational calculus.   A description of the operational calculus for

closed operators can be found in [6].    In this description, a complex valued
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function / can be applied to the closed operator A   only if / is analytic on a re-

gion containing aiA).

In this paper we will develop an operational calculus which will enlarge the

set of functions which can be applied to the closed operator A.

Definition 1.  A closed operator A  from a Banach space X to a Banach space

Y  is called a Fredholm operator if:

(1) the domain, DÍA), of A   is dense in X.

(2) a(A) = dim [NÍA)] < oo.

(3) RÍA), the range of A, is closed in  Y.

(4) /3(A), the codimension of RÍA) in Y, is finite.

It is shown in [2, Lemma 332], that condition 4 implies condition 3.   A dis-

cussion of Fredholm operators can be found in 13].

Definition 2.  If A   is Fredholm, the index of A, iÍA), is defined by z(A) =

a(A) - /3(A).   We denote the set of Fredholm operators from X  to X by 3>(X).

Definition 3. A e $A  iff (A - A) e $(X).

Definition 4.  A e ct+(A) iff A 4 0^.

By [3, Theorem 2.9], *S>¿   is open and is thus the union of a disjoint collec-

tion of connected open sets.   Each such set, 'I* (A), will be called a component

of <V

Theorem 1.  Let A  be a closed operator on X such that <&A ■/ 0.   In each

component, <¡> (A), of <t>^, a(A - A) is constant for all X except for an isolated

set of points having no accumulation point in  $.(A).   For these exceptional sets

of points, S .(A) = [ju(Ai        ->...' aip-    - A) > c ., where  c . is the constant value

of aiX-A) when  X £ ,$ .ÍA) \ S .ÍA)\.

Proof.  See [l, Theorem 2.3].

Let A  be a closed operator such that $>A  is not empty.   Let A¿ be a fixed

point in i<5(A) \ S.(A)S.   There exist subspaces X. and Y. such that

X = NÍX.- A) ©X.,       X. is closed,
Z l' 1 '

X = Y. © RÍX. - A),       dim Y. = jS(A. - 4).

Let  E   .  be the projection of X  onto <V(A. - A) along X., and let E2¿ be the pro-

jection of X  onto  Y. along R(A-A).   F   . and F 2i are bounded finite rank oper-

ators. (A¿-A) | D(/t)nX- has a bounded inverse, A.,

A.:RÍX.-A)^DÍA) OX..
z z z

See [3].

Let the operator T. be defined by: T.x = A .ÍI - F2¿)x.   T . £ LÍX), where

L(X) denotes the set of bounded operators on X.

(LI) T.(A. - A) = / - Ej.    on  DÍA),

(1.2) (A.-A) T.   =/-E2.    on X.
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Definition 5.  A bounded operator B  will be called a right quasi-inverse of the

closed operator A   if R(ß) GUÍA) and AB = I + K, where K £ K(X).   K(X) denotes

the set of all compact operators on X.

Definition 6.   A bounded operator B   will be called a left quasi-inverse of the

closed operator A   if BA = / + K,  where  K £ K(X).

Definition 7.   An operator B   will be called a quasi-inverse of the closed oper-

ator A   if ß   is a left and a right quasi-inverse A.

We see from (1.1) and (2.1) that T . is a quasi-inverse of (A. - A).

Definition 8.   Let  R'XÍA) be defined by R'xiA) = T.[(A - A.)T. + /]_1 when

A £ <I>.(A), -l/(A - A.) £ pÍTt), and T. is chosen as above.

Remark 1.  Since T. £ L(X), -l/(A- A) £ piT .) when A is close to A..

Remark 2. R\ÍA) can be chosen in different ways by making different choices

of A. and T .. Unless stated otherwise, by R\ÍA) we shall mean any one of. these

possible choices.

Theorem 2.  R\ÍA) is a quasi-inverse of (A -A).

Proof.  P[Ri(A)] C DÍA) by the definition of T ..

(A - A)T.[(A - A.)T¿ + /]" l = (A - A. + A. - A)T.[(A - A.)T. + /]" l

= [(A - A.)T. + /- F, .][(A - A.)T. + /]" ' = / - E,.[(A - A.)T. + /]"x.
I i £.1 II i-l It

T.[(A-A.)T. + /]-!(A- A)= r.[(A-A.)r.+ /]" HA - A. + A. - A)
III III II

= [(A - A.)T. + l]-lT.ÍX - A. + A. - A)

= KA-A.)T.+ /]-1[(A-A.)T.+ /-F1.]|D(j4)

= |/-[(A-A.)T.+ /]-1E1.||D(A).       Q.E.D.

Theorem 3.  Lez  L    and L 2 be two different choices of R'^ÍA).   Then  L. -

L2 is a bounded finite rank operator.

Proof.  Lj(A-A)= ÍI-FA and (A-A)L2 = / - F2, where EL  and F2  ate

bounded finite rank operators.

Lj(A- A)L2 = (/-E1)L2=L1(/-F2).

Therefore,  L. - L2 =L .F 7 - F AL 2  which is a bounded finite rank operator.

Q.E.D.
Since T . is bounded, R\iA) is analytic in A when A £<5(A) except for those

points, v, such that -l/(v - A.) £ oiT.). We denote this set of exceptional points

by *°(A).

Theorem 4. S .(A) C $"(A).   iSee Theorem 1.)

Proof.  Let A £ S (A).   Since  a(A - A) > a(A¿ - A), there exists an x £ X

(b)



446 JACK SHAPRIO AND MARTIN SCHECHTER [January

such that x / 0 and x £ NÍX - A) nX., where X    is the closed complement of

NÍX.-A)  chosen in the construction of  T  .
i

Thus

T.(A - A.)x = T.ÍA - X.)x = -x, and \T. +  r-^- ) x = 0;
' ' i i \ l     X- A./

£aiT),•   ■    A-A
Z

.'.      Ae<D°(A).

Remark 3.  $(A) depends on the choice of 7A.

Lemma 5.1.  If X / X., X e $A z'/ azza7 orz/y if -l/(A - A¿) e $T  .

Proof.

( x=ix - t\ (A - A.)(A. - A) = [-1 -(A - A.)T.](A. - A)

= A-A.-(A-A.)(7- E. .)= A-A + (A-A.)E...
I I I Z Z 1 I

Suppose Àe^.   Then  [A - X + (A - A.)Fj .] £ $(X) by [3, Theorem 2.8].

But (A.-A) £ diX).   Therefore,

\y-K- - TA  e ̂ X) by [3> Theorem 3.4].

Therefore, —l/(A—A.) £ $_ . Conversely, suppose - 1/(A — A.) £ <I)T..   Then

(- 1/(A - A.) - 7\)(A _ A.)(a/- A) £ 3>(X), by [3, Theorem 2.5].   Therefore,  (A - A)

6 $(X) by [3, Theorem 2.8].   Therefore,  ÀeO^.

Lemma 5.2.  z'(A — A) z's constant for all X in the same component of 0 . .

Proof.  See [4, Chapter VII, Theorem 5.2].

Theorem 5.   $ (A)  is an isolated set having no accumulation point in  $.(A).

Proof.   Let <&;(7\)= [77: 7/ = - 1/(A - A.), where  A £ $.(A)i-   From Lemma 5.1

we see that <£• ÍT .)  is that component of O^.    which contains a neighborhood of

infinity.   Since  T. e L(X), we have  7/ £ p(T¿)  if  17 > ||7\||s  .   For these   r¡,

aírj - T.) =0, and iír¡ - T.) = 0.   Therefore, by Theorem 1, air] - T) = 0 for all /] £ $.(7\),

except for an isolated set which does not accumulate in $.(T.).   By Lemma 5.2,   iír¡ — T.)

= 0, V77 e <D .(T.).   Therefore, if ry e $.(T¿) and a(7/ - T.) = 0,  rj must be in the

resolvent of T..   Therefore, a(T.) C\ î» .(T.) is an isolated set which does not
z ' z z     z

accumulate in <t.(T.).   Since 4>(A) is the set of all A £ O.(A) such that
z     z z z

-l/(A-A¿) £oÍTt), we see that <3?.(A) is an isolated set having no accumulation point

in $XA).    Q.E.D.

We have thus described a method of defining an analytic quasi-inverse, R'\iA),

of (A - A) for A £ {^A\^1iA)\. This method can be applied to every component of

0>A.   If we let $°(A)= U$°(A), we see that R'(A) is defined fot all Ae ÍO^WU)!
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Theorem 6.  If the  X. used in the definition of R-A.A) is in  piA), then  RIAA) =

(A-A)"1 for all X£ ¡<D/A)\<D°(A)S.

Proof.  R¿(A) = T .[(A - A.)T. + /]" K

Since A. £ piA), we have that T . = (A. - A)~ l.

(X- A)T.[(A - A.)T. + IV1

= [(A - A.) + (A. - A)](A. - A)" '[(A - A.)(A. - A)~ 1 + /]~J

= [(A-A.)(A.- A)_I+ /][(A-A.)(A.- A)"1 + l]"1- /.
Z 7       . 7 !

Similarly,  T .[(A - A¿)T . +/]"'(A - A) =/.    Q.E.D.

Throughout the rest of this paper,  A   will denote a closed operator on a Banach

space, X, with the property that  <t>A / 0.

It f(X) is a complex valued analytic function of a complex variable, we denote

by A(/) the domain of analyticity of /.

Definition 9.  By Ö^(A) we mean the family of all analytic functions /(A)

with the following properties:

(1) fftU)cA(/),

(2) A(/) contains a neighborhood of  oo and / is analytic at  oo.

Definition 10.   A set D   in the complex plane is called a Cauchy domain if the

following conditions are satisfied:

(1) D   is open,

(2) D  has a finite number of components, the closures of any two of which

are disjoint,

(3) the boundary of D   is composed of a finite positive number of closed rec-

tifiable Jordan curves, no two of which intersect.

For a discussion of Cauchy domains, see [6, §31«

Definition 11.  Let / £ 8¿J,A).   The class of operators   3"(A)   will be defined

as follows: B £ j(A) if and only if

B = /(<»)/+ -L    ( f(X)R'AA)dX,
' 2m J+b(D) '        A

where  D   is an unbounded Cauchy domain such that

(1) oyiA)CD,

(2) D C Aif),
(3) the boundary of D, Bio), does not contain any points of $ (A).

By /(oo) we mean lim^-oo/^)-   The different members of AÍA) ate obtained

by making different choices of D and R^iA).

For the proof of the existence of a D   satisfying conditions 1 and 2, see [6,

Theorems 3.3 and4.l].  Condition 3 can be satisfied because <5  (A) does not accu-

mulate in  <fv.

Remark 4.  All the members of .HA) are bounded.   We proceed to show that the

different members of AÍA) differ from each other by at most a compact operator.
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Lemma 7.1.  Suppose Bx and B2 are two members of AÍA) obtained by using

the same choice of D, but different choices of R^iA).   Then Bx  = B. + K, K £

Jv(X).   The compact operator mentioned in this lemma and the compact operators

mentioned in the rest of the theorems of this paper turn out to be limits of finite

rank operators.

Proof.   By Theorem 3, the different choices of Rx(â) differ by at most a com-

pact operator.   The lemma follows immediately.

Lemma 7.2.   Let  D  be the unbounded Cauchy domain chosen in Definition 11.

Then there are at most a finite number of points of $ (A) z'tz CÍD), the comple-

ment of D.

Proof.   The lemma follows from the compactness of CÍD) and Theorem 5.

Lemma 7.3.  Lez"  D x  and D2 be two unbounded Cauchy domains satisfying

the conditions in Definition 11.    Then

—   f fíX)R'ÁA)dX-~ f fíX)R'ÍA)dX
2m  J+B(DX) ' * 2ni J+B'DJ '        *

= T-'   Í n,ncAA)ßA(A^A-A-   L/n's   fWR'x(A)dX,2m  J+B'D)'       x 2m  J+B(D  )   ' A

where  D    and D     are bounded Cauchy domains with the following properties:

(1) D    and D" are contained in $.,

(2) D'-and D" contain at most a finite number of points of $ (A) z'72 their

interior,

(3) D' and D" have no points of $ (A) o?7 their boundaries.

Proof.   By an argument similar to that in the proof of [6, Theorem 4.l], there

exists an unbounded Cauchy domain, D., such that  a^ÍA) CD,   and D, C [D x O D 2]

C A(/).   Let D' = D x - D .    Since CUA) contains at most a finite number of points

of <£ (A) by Lemma 7.1, the same holds true for D .    Since $  (A) does not accu-

mulate in  0>A,   D,   can be chosen so that BÍD A does not contain any points of

0 (A).   Since B(Dj) does not contain any points of <£°(A), we have that BÍD1)

does not contain any points of $ (A).   By [6, Theorem 3.l]> D    is a bounded

Cauchy domain and

By a similar argument, there exists a bounded Cauchy domain D    such that

— f      » /(A)Rx(A)a"A = -^ f       A(A)p:(A) aA - -^   f /(A)/?X(A) ¿A.
2777   J+B(dV * 277-1    J + G(D2)' A 277Z    J+BÍD^' k

Subtracting, we have

-!-    f fíX)RxÍA)dX- -^-.   f /(A)R'X(A)¿\
2t7z   J+B'Dx)'        x 2m J+'1(D2)/V       *

= -L   f      , /(A)Rx(A)a'A--í-   f fi\)R^iA)dk.      Q.E.D.
2?TZ   J+BfO)' X 277Z   J+B(D)  ' A
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Lemma 7.4.  Let p. e <I>.(A).   Let D be a bounded Cauchy domain with the

following properties:

(1) DC<D.(A),

(2) fi i e D,

(3) no other points of 41 (A) are contained in D.

Then

~   f R'AA)dX= K,       K eK(X).
2zzz  J+8(D)    A

Proof.  R;(A) = T¿[(A-A¿)T¿ + /]-1.

If A. £ D, D  can be replaced by a bounded Cauchy domain, D .,  such that

A. 4D.   and
i 1

—   f R'AA)dX=^-( R'U)dX.
27TZ   J+B(D)      * 27TZ   -1 + 73(0,)      X

This replacement is possible because of the properties of D and the analyticity of

R^iA).   Therefore, we shall assume that A. 4 D.

( R'AA) dX =   f T. [(A - X.)T. + I]- 1 dXJ + B(D)     x J + B(D)    i l    i

=    f T-1T- T. (V. + r-^- )       dX.
J +B'D) A- A.   ! y 7    A-A./

Let p = 1/(A - A.),

f R'(A)a'A= f   — T.(T. + p)~ldp

with  F being the oriented image of + 3(0) under the mapping p = l/(A - A.).

T. = (p + T.) - p,       T.ÍT + fl)-^l- piT. + U)-1;

.*.      f n/n   R;(A)o-A=  f   — /a'p+ f    (T. + p)-1^.•    J+B(D)   * Jr p     r   Jr     !

Since  A¿ ^ D    and D  is bounded,  T is bounded and  0 4 Y \j Y where  Y is

the interior of Y.

( —Idu= 0.

¡riT. + p)-1dp= ¡r [p-i-T)Vldp.

Since p. e D, l/(p. - A.) £ f.   -l/(p¿ - A.) £ oÍT .) because p. £ $?(A).   Further,

since p¿ £ $A,  -l/(p¿ - A¿) e $T    by Lemma 5.1.   Therefore,  l/(p; - A;) £

o(- T-) O $,7-. y   There are no other points of oí- T .) in F.   Therefore, by [4, Chap-

ter VI, Theorem 4.5 and the proof of Theorem 4.2], we have that  L[p - (-T¿)]-1 dp

is a bounded finite rank operator.   Therefore,

r^r f R'xiA) dX= K,       K e K(X).
2zrz  J+f3(D)    A

Lemma 7.5.  Let X and p be in <P^.   Then

R'AA) - R'(A)
R'AA) . R'AA) =-^— + K,       Ke JC(X).

A M p — A
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Proof.

R'X(A)(A - A)[R'xiA) - R'uiA)]ifi - AW^ÍA)

= (/- FX)[P.¡LA) - R'J,A)]il - F2),       Fv F2 £ K(X),

= R'xiA) - P/iA) + F,       F £ KiX).

We also have that

RxiA)(X - A)[R 'ÍA) - R'ßiA)Hp - A)P¿(A)

= R¿(A)(/- EjX/t - A)R¡j.A) - R'XÍA)ÍX-A)ÍI- FjR^iA)

= ípt- X)R'XÍA)R'¿A) - r;(A)E3(/ - E2) + (/ - F^R'J.A)

= ip- X)R'xiA)R'([A) + F0,       F0 £ KiX);

. ' .    R'XÍA)- R'¿A) + F = ifi - X) R'xiA)R'i[A) + FQ

/?X(A) - PAA)
•       R'iA)R'iA) =-r^— + K,       K£ K(X).

A        f- p - X

Note.   K depends analytically on /t and  A.

Lemma 7.6.  Lei /x. aW D be as in Lemma 7.4.   Let /(A) aW g(A) fee such

that D C [A(/) n A(g)].   TTzerz

¿  f /(A)R'(A) a-A . -L   f gíX)R!íA)dX
2î7Z   J + ß(D)' * 277Z    J+B'D)S X

= T-  Í o,™ /(À)g(A)P!(A) dX + K,        K £ KiX).
Am   J + B(D) A

Proof.   By [6, Theorem 3.3], there exists a bounded Cauchy domain,  D x,  such

that P¿eDx  and 7T" C D C [A(/) n A(g)].

•'• ^J+8(D)/(AK^^-^J+B(D)^K^^

= ¿7 /♦ «Dp /(")A¿U) * * ¿7 L(o) «^^ *

-i
_  4Z72   -

bv Lemma 7.5.

I+S(Dl)i+B(D)^{kK{A)R'^dXdp

- A7 Uoj Lmm ̂M {-jzf-)**

- h /♦«!>,> /♦«« /<rW«M**.      *.» eX(x),
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Since  Kip, X) is a compact operator, the last integral is a compact operator.

-1    r r /A¿U)-A¡M)\

/(p)

-¿L(D,,/^^¿Xe(D)^A^

Since A is not contained in D    , the first of the above integrals equals zero.

Therefore, the last integral is equal to

à L(Dl, /^*W^ * = ¿7 Lu» /W*WR¿U) ¿A.    Q.E.D.

Lemma 7.7.   LeZ  p. aTza? D  ¿ze as z'zz Lemma 1.4.   Let /(A) /je szzc¿ z/>aZ  D C

Aif).   Then,

-L ( fíX)R'(A)dX^ K,       KeK(X).
2zri  J+z3(D) A

Proof.   By Lemma 7.6,

-i-   f /(A)p:(A)o-A = -^   f /(A)R'U)d\-L   f R'AA)dX+K,
2tti   J+B'D)' * 2zrz   J-tB(D)' A 2z7z   J+B(D)     A

KeKiX).

By Lemma 7.4,  il/2m)f+B(D) R'xÍA)dX = Kv K, e K(X).   Therefore,

—   f fiX)R'yiA)dX= K„        K, eK(X).
2z77   J+B(D) J X 2 2

Lemma 7.8.  Lez / £ Cu^A), az2zi /eZ D, azzo" D 2 be unbounded Cauchy domains

such that OçiA) C [D, n D2], [D,  UD2] C A(/), azzzi [ß(D,) U BÍDA\ does not

contain points of $  (A).   Then

-ir   f f(X)R'(A)dX-^-   f /(A)Rx'(A)aA = K,       /< £ K(X).
2z7z   J+0(Dj) ' X 2zrz   J+B(D ) ' x

Proof.   By Lemma 7.3,

^-.   ( fiX)R'JA)dX--^~  ( f(X)R'AA)dX
2z7? J+B(nt) ' A 2zzz  J+B(D2) ' A

= T^   f\..n'jWKWd*-T±  ( aln-J^R'k(A^dX,2tti  J+b(D ) ' * 2zzz J+B(D )' *

where D    and D    have the properties described in Lemma 7.3.   In particular, D'

has at most a finite number of points of <1? (A) in its interior.   Therefore,

(l/2zzz)  /+ß(D')/(A)R^(A )dX   is  a finite  sum of integrals of the form

( 1/277z)_T+B    .f(X)R'AA)dX, where D is as in Lemma 7.4.   By Lemma 7.7, each of these
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integrals is a compact operator.   Therefore, il/2ni) j+B/D'AÍX)RX\A)dX is a compact oper-

ator.   Similarly, f+B(D".fíX)R'xÍA)dX is a compact operator.   Therefore,

T--   Íu,nJ^R^A^dX-T~í^r,    fWR'xÍA)dX= K,        KeKíX).       O.E.D.
2?7Z    J+B(Dx) a 2777   J+B'DJ 'A

Theorem 7.  Let  3 x, B 2 £ Ï(A).   Then Bx - .8 2 = K, K £ K(X).

Proof.  The theorem follows immediately from Lemma 7.1 and Lemma 7.8.

Definition 12.  Let / £ il^ÍA).   By /(A) we mean an arbitrary operator in the

set Ï(A).

From Theorem 7 we have that two different choices of /(A) can differ by at

most a compact opetator.

Theorem 8. Let /(A) and  g(A) be in  u* (A).   Let  a and ß be complex num-

bers.   If we use the same R\iA) and we integrate along the same curve, then

afiA) + ßgiA) = (a/ + /3g)(A), where  (a/ + ßg) is defined by  (a/ + ßg)X = a/(A) +

ßgiX).   If we use different operators for RxiA) or if we integrate about different

regions, then  afiA) + ßgiA) = (a/ + ßg)iA) + K, where  K£ K(X).

Proof.   The first part of the theorem is obvious and the second part follows

from Theorem 7.

Theorem 9.  Let /(A) and giX) be in (f (A).   Then /(A) • giA) = (/ . g)ÍA) + K,

K £ Kíx).

if ■ g) is defined by (/ • g)(A) = /(A) • g(A).

Once the curve of integration is chosen and the choice of  RxiA) is made, the

compact operatot,   K,  oí this theorem can be computed directly.

Proof.   By [6, Theorem 3.3],  there exist unbounded Cauchy domains D.   and

D2  such that ct<¡)(A) C D x,  D~x C D 2 C [Mf) n A(g)].   Further, since  CÍD A con-

tains at most a finite numbet of points of $ ÍA), D .   and  D2  can be chosen so

that ÍD2 - D   ) does not contain any points of $  (A).

/(a) = /w/ + ¿/+b(Di)/(^;(a)^,

gíA)=gí~)l+^-j+mjgMR'xÍA)dX,

¡ÍA) . gíA)= /(~)g(~), + /(») ¿y J+n(D ) gMRx(A)dX

-^él+s^^K^^

As in the proof of Lemma 7.6, the last integtal is equal to
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-!-   f /(p)R'(A)-^   f -f^-dXdp
2m  J+BiDy1  ^    P        2tti   J+B(D2)    A-p ^

_JL   f g(\)R'(A)-L\ IM-dpdX+K,      KeK(x).
2tti J+B(D2) 6       x      2zrz J+B(D,) p - A   r

Since p£D2,/+B(D   jg(A)/(A - pVA = g(p) - g(oo).   See [6, proof of Theorem 4.3]-

Therefore,

éiLo/^K^éîL^x—^

= 24z   L(Dl) Wi^U) * - g(~) ¿ J+B(Di) /(p^A) rip.

Since X 4 Dv il/2m) J+ß(D i}/(p)/(p -X)dp = /(oo). See [6, proof of Theorem 4.3J.

Therefore,

¿ L(.2) *(A)«xU) ¿7 -Up tS ** - >« ¿ L^ «UW*-
Therefore,

/(A) . g(A) = /(oo) . g(oo)/ + JL ¡+b(d ) fip)gip)R'(\A) dp

= ij.g)ÍA)+K,       K eKiX).       Q.E.D.

Theorem 10.  Let /(A) = 1.   Then /(A) = / + K, K £ K(X).

Proof. /(A) = /(oo)/ + (l/2zrz) J+fi(D)RA(A)A /(oo)/ = /.   As in [6, Theorem 4.2],

_L   f R'(A)dX = ̂ -   ( R'(A)dX
2Z7Z   J+B(D)     X 2Z7Z   J+B(D,)     X

where  D    = CÍD)  is a bounded Cauchy domain.   D. C <!>,.   By Lemma 7.2,  D.

contains at most a finite number of points of O (A) in its interior.   Therefore,

by Lemma 7.4, (l/2z7z) f+B(D   )R)[A)dX is the sum of a finite number of compact

operators.   Therefore,  (1/2ttz) f+B,D   .R\iA)dX is compact.   Therefore,

/(A)= 1+ K,       K £JK(X).       Q.E.D.

Theorem 11.  Let A  be a bounded operator on X,  and let f e (Í' (A).   Then

/(A)= (1/277z) f+I,in)fiX)R A,A)dX , where D is a bounded Cauchy domain such that

o ¿A) CD, and D C Mf).

Proof.  Let C be a circle of radius r, so chosen that D  lies in the interior

of C,  C and the region exterior to it lie in A(/\ and r is greater than the spec-

tral radius of A.

By Theorem 6,  R\iA) = (A - A)~     in that component of <i>A   containing C  and
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the tegion exterior to it.   The test of the proof is entirely analogous to that of [6,

Theorem 4.4].

Definition 13. Let A eL(X). By u"(A) we mean the family of all analytic

functions, /(A), such that a^ÍA) C A(/).

Definition 14.  Let / £ u'(A).   The class of operators íf*(A) will be defined

as follows: B  e J"  (A)   if and only if

8 = _L  f fiX)R'AA) dX
2ni J+B(D)'        x

where  D   is a bounded Cauchy domain such that

(1) ai,(A)CD,

(2) D C Mf),
(3) BÍD) does not contain any point of <I>0(A).

Definition 15.  Let / e U (A).   By f (A) we mean an arbitrary operatot in
cS*iA).

Theorem 12.  Let B x, B 2 £%*ÍA).   Then BX~B2 = K,  K £ K(X).

Proof.   The proof is entirely analogous to the proof of Theorem 7.

Theorem 12 shows that two different choices of / (A) can differ by at most

a compact operator.

Theorem 11 shows that if / £ d'jA), where A e L(X), then /*(A) =/(A).

Theorems 8 and 9 have obvious analogues to /*(A) and the proofs are com-

pletely similar.

Theorem 13.  Let A £ L(X), and let /(A) = 1.   Then f*iA) = 1 + K, K £ K(X).

Proof. f*ÍA) = J+ñ(D) R'xÍA)dX. Combining Theorems 10 and 11, the theorem

follows immediately.

Theorem 14.  Let A £ L(X).   Let /(A) = A.   Then /*(A) = A + K,  K £ K(X).

Proof.   Since A  £ L(X), o(A)  is bounded.   Since /(A)  is entire, we can choose

D   to be the interior of a circle whose radius,  r,  is greatet than the spectral radius

of A.   Then, by Theorem 6, R'xiA) = (A - A)~ '  along BÍD).   The rest of the proof

is then the same as that for the standard operational calculus.   See [4, Chapter

VI, Theorem 3.3].

Theorem 15.  Let A  be closed and let f eu* (A).   Suppose /(A) has no zeros

on  oAA) or at  oo.   Then /(A) has a quasi-inverse in  L(X).

Proof.   Let g(A) = l/fiX), whenever /(A) / 0.   A(g)  contains a^ÍA) and a

neighborhood of oo.   Therefore, g £ Ü^ÍA).

By Theorems 9 and 10,

/(A)g(A)=/+ Kj,       gíA)/ÍA)=I+K2,       KvK2eKíX).      Q.E.D.
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Theorem 16.  Let   A   be bounded and let f eu'(A).   Suppose /(A) has no

zeros on oAA).   Then f   (A) has a quasi-inverse in L(X).

Proof.   The proof is analogous to that of Theorem 15.

3.   Polynomials.   If /(A) is a polynomial function, and A  e L(X), then / £

u"(A), and the operational calculus which has been developed applies to /   (A).

However, if A   is unbounded, the operational calculus described in §2 does

not apply to A  because / 4 (^(A).   In this section we will develop an operational

calculus for polynomials.

Lemma 1.1.  Let /(A) = (a - A)-1, a e [$A\®°(A)].   Then  3K e K(X) such

that /(A) - K = RA,A).

Proof. /(A) = /(oo)/ + (l/2zzz) /+s(D)(a - A)- lR'xÍA)dX, /(oo) = 0.   By Lemma 7.5.

§2,

R',iA) = R'a(A) + (a- X)R'xiA)R'aiA) + K(a, A),       Kia, A) e K(X).

. " .    ¡ÍA) = -^  f _ -L- R'(A) rfA + —   f R¿(A)R'(A) dX2tti J+B(D) a-A    a 2z7z  J+B(D)    A        a

+ ^~   ( —^   K(a,X)dX,
7.TTI J+s(D) a - A '

~   (   tn  R'xiA)R'AA)dX = ~   ( R'(A)dXR'(\).2z7z   J+B(D)     A a 2z7Z   J+B(F>)     x a

( 1 /277z) f+„.DjAAA)dX is a compact operator as shown  in the proof of

Theorem 10, §2.   Therefore, (l/27zz) f+B,D) R'xiA)R'aiA) dX is compact.

(l/2z7z')/+B(D,(a - X)~   Kia, X)dX is compact, because Kia, X) is compact for all A £ BÍD).

JL  f        —L- R'(A)a"A = -ir f -i;  R'(A)a"A= R'{A)
7tti   J+B(D) a-A     a 2zrz  J+BiD,) a - A     a a

where  D, = CÍD).   Therefore, /(A) = R^(A) + K, K £ K(X).     Q.E.D.

Definition 1.  Suppose P(A) = ln. =Q a.A2.   By P(A) we mean S^=Q a.A¿.

If P(A) is a polynomial of degree zz, clearly the domain of PÍA), D[PÍA)],  is

equal to  DÍAn).

Lemma 1.2.   LeZ n  be a positive integer.    We can choose  R'AA) so that V; <

zz  the following hold:

(1) R\[R'KÍA)V\CDÍAÁ,

(2) (A - A)7 [Rj^(A)]7 = I + F ., where   F . is a bounded finite rank operator.

Proof.   Let A; £ |$ .(A)\s iA)\, where S .ÍA) is as in Theorem 1, §2.   (A. - A)

£ <£(X).   By [3, Theorem 2.5], DÍA") = dKX. - A)n] is dense in X.   We can set

X = R(A. - A) (f) y ., where  Y. is a finite dimensional subspace of X contained7 7 ' 7 r

in D[X. - A)"].   The last requirement can be satisfied as seen in the proof of

[3, Theorem 2.5].   Therefore, the  T . used in the definition of RXÍA) fot
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A £ $i.A), can be chosen so that (A; - A)7\ = / - E2¿, with E,. being the pro-

jection of X  onto  Y. along R(A.-A).

Claim. .(A - A)'[R'xiA)V is defined and is equal to

/ - '¿  (A - A)VF2 [(A - A.)T. + /]- 1[k;(A)]1'

when / < zz.

Proof of claim.  The proof proceeds by induction.   If /' = 1, (A - A)R'xiA) =

(A - A)T .[(A - A.)T . + /]-' = /- F2 .[(A - A;.)T . + /]_1.   Suppose the claim is true

for / - 1.   Then

(A - A)>~ l[R'xiA)V~ l = / - '£ (A - A)VE2¿[(A - A.)T. + «]" ̂ ¿(A)]*.

Then

(A - Ay[R'xiA)V = / - E2 [(A - A.)T. + /]" 1 - £   (A - A)VE2 [(A- A.)T. + fl-M^U)]".
v=l

The expression in the summation is defined because RÍF^.) C DÍA").   Combining

terms we get

(1) (A - A)'[R'xiA)Y = / - '¿  (A - A) VE2 .[(A - A.)T. + /]" x[RxiA)]v.

The claim is now proven by induction.   Since  F..    is a bounded finite rank oper-

atot,  (A - A)vF2 . is also a bounded finite rank operator even though A   is not

bounded.   Therefore, the sum in (1) is a compact operator.   The lemma is now

proven.

Lemma 1.3.   Let A  have a left quasi-inverse  A      and a right quasi-inverse

Ax;  i.e., A0A =il + Kx)\ D(A) and AAX=I + K2,  K x, K 2 e KiX).   Then ÍAQ - A x)

£ KiX).

Proof.  A0AAj = (/ + Kj)Aj = A0(/ + K2). A0 -Aj = (KjAj - AA<2) £ K(X).

Lemma 1.4.  Let n be a given positive integer.   Then for each  X in

[<bA\&ÍAY\ except for at most an isolated set 3KX £ KÍX), such that [R'xÍA)]n

+ Kx is a quasi-inverse of (A - A)".

Proof. By Lemma 1.2, RxiA) can be chosen so that [PX(A)]" is a right quasi-

inverse of (A - A)n. We shall refer to this particular choice of RxiA) as '[PX(A)] .

By [3, Theorem 2.5], (A -A)" £ $(X). Therefore, it has a quasi-inverse, S. By

Lemma 1.3, S = [R'XÍA)]^ + K x, Kx £ K(X). By the same lemma, R'XÍA) = [R'XÍA)\+

K2, K2 £ K(X), when A is such that PX(A) and [RX(A)] are both defined. Note.

PX(A) and [PX(A)] are both defined fot all A £ tf^ except for at most an isolated

set.   Therefore,

[R'xiA)]" = [RliA)]nn+ Ky       K3eK(X).
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Therefore,

[R'xiA)]n = S + K,       KeKiX).       Q.E.D.

Lemma 1.5.  Let n be a positive integer and let  a be such that RaÍA) and

[R'(A)]    are both defined, where  [R' ÍA)\    is as in the proof of Lemma 1.4.   Let

fiX) = (a - A)-".   Then  3K £ K(X) such that /(A) + K is a quasi-inverse of

(a - A)n.

Proof.   By Theorem 9, §2, Lemma 1.1, and induction, we have /(A) = [R^(A)]"

+ Kv Kj £ K(X). By Lemma 1.4, there exists K2 e K(X) such that  [R^iA)]n + K2

is a quasi-inverse of  (a - A)".   Therefore, /(A) + K  is a quasi-inverse of (a - A)n,

where  K = K2 - Ky

Theorem 1.  Let /(A) £ a^A),  and suppose either (a) Z/iaZ / èas a zero of

order m at   oo, or (b) ZèaZ / vanishes identically in a neighborhood of oo.   Let  P

be a polynomial of degree zz, where  0 <n <m  in case (a) and 0 < zz  z'zz case (b).

Let H(X) = P(A)/(A).   Then H e (f(A), 3K1 szzc/> that  R[fiA) + KA] C D(A") aW

3/C2 szzc/> ZÄaZ  PÍA)[fíA) + K J =HÍA) + K r   Ky, K2 £ K(X).

Proof.   Let g(A) = (a - A)"/(A), where a is as in Lemma 1.5.

(1) g(A) £ (f(A),      /(A) = (a - A)""g(A).

Let ¿(A) = (a - A)-".   By Lemma 1.5, there exists a X £ K(X) such that ¿(A) + K

is a quasi-inverse of (a - A)".

By Lemma 1.2,  R¿(A) can be chosen so that  (a - AYÍR^ÍA)]' = I + K'. ,

Vz <zz.   K'.   £ K(X).   We shall refer to this choice of R'aÍA) as [R'aiA)\n.   As shown

in the proof of Lemma 1.5, 3K £ K(X) such that

(2) hiA) + K = [R;(A)]^.

By Theorem 9, §2  3/CQ e K(X)  such that

/(A) = MA)g(A) + K0

= ihiA) + K)giA) - KgÍA) + K0

= [R'aÍA)]lgÍA) - Kv       K1 = ÍKgÍA) - KQ) eK(X).

(3) . '.    /(A) + Kt = [<(A)]^(A),

Let G(A) = (a - A)_BP(A).   G(A) e (T(A) and G(A) = 1^=Q aia- A)'-" where

P(A) = S"=0 a (a - A)'.   By Lemmas  1.5 and 1.3, we have

GÍA)=£a.{[R¿A)rn-i+K.l\
7=0

= ¿«.[R^A^-'+xS       K      K' eK{X),
I>0
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PÍA) = ¿ a.ia - AY,
i=0

PÍA)[R'aÍA)]" = t a.ia-A)i[R'iA)]n
z=0

= t a.(/+ fÇ')[/?;(A)]»-'-= ¿ a.[P;(A)?-+ K"
z=0 7=0

= GU)+K"',      K|, K", /TeK(X),

. • .     PÍA)ífíA) + Kx) = PUtt^U)]^)

= [G(A) + K"]giA) = G(A)g(A) + K'Q = (G ■ g)U) + K2 = //(A) + Kr

Definition 2.  Let X    denote the set of all bounded linear functionals on X.

A subset  S  of X    is said to be total if the only element x £ X  which annihilates

S  is the zero element of X.

At the beginning of §2 it was explained that if A e <1>(X), there exists an

operator T £ L(x) such that TA = I - F x and AT = I - F2, where Fj and E-,

are bounded finite rank operators.

Lemma 2.1.   Let n be any positive integer and let  A  £ 4>(X).   Then  T can be

chosen so that  FXAJ is a bounded finite rank operator Vj < n.

Proof.  Since A £ 0(X), A" e O(X) with DÍA") dense in X.    By [4, Chapter

VII, Theorem 4.1],  D[ÍA")']  is total in  X'.    (A")'  denotes the adjoint of A".    Let

{x.S^j  be a basis fot NÍA).   Since D[ÍAn)'] is total in X1, 3Xj'   e D[iA"Y] 3 Xj'(x x)

= L   Let x2 £ NÍA) nNÍx¡).  3*¿   e D[(A")'] 3 ^ (x2) = 1.   Let x'2 = x¿ -

x2(xj)xj.   By induction there exist ze  bounded linear functionals  lx¿ !¿ =1   contained

in D[(A")']3xAx.) = §.y.   Letting  Xj = fl^ = 1 /V(x.)  we have that  X = NÍA) © X j.

Letting  Ej   be defined by  F jX = 'S,.      x!ix)x .,   we see that  T  can be chosen so

that TA =(' -Ej)|D(A).  Since x/   e D[(A")'], and D[(A")1 C D[ÍA')'] when

/'<«,  we have   FjA'x = 2^ = 1 X¿ UJx)x . = 2^ = 1 [(A')V ](x)x;  where  (A')'x.'   are

bounded linear functionals.   Therefore,  F A1  is a bounded finite rank operator.

Theorem 2.  Let n > 0 èe given.    There exists a bounded finite rank operator

F    such that
n

[R-xiA)nX-Ar = i,-Fn)\[XAn)

Proof.   The following equation can be proven by induction in the same manner

as the similar equation in the proof of Lemma 1.2.

[RX(A)]"(A - A)n = /- "¿ [RXÍA)]>[ÍX - X.)T. + l]~lF. .(A - A)'
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where  E, . is chosen as in Lemma 2.1.    Since  F..A1  is a bounded finite rank
I z lz

operator  V; < zz   we can take

n- 1

F  =  Z K(A)H(A- A.)T.+ fl-'R.U- A)'.
n        *—'        A ii \i

Theorem 3.  Let D  be an unbounded Cauchy domain such that ff^(A) C D.

Let  a £ C be such that  a 4 D.   Then, if P(A) z's a polynomial of degree  n, there

exists a compact operator, K, such that

P(A)x = J-   ( m   ^(A-a)" + 1[Rl(A)]   ^xdX+Kx
2z7z J+B(D) (a_ a)"+1 x      n+l

for all x £DiA").

Proof.   The following formula will be proven by induction.

(1) ÍA-a)n+l[R'xÍA)]n+lx=ÍX- ar + H/^U)]      x- ¿ (A - a)""fe(A - a)kx + Fx

where  E  is a bounded finite rank operator which depends on ?z, a, A, and [RAA)]  + .

(A- A)[R^(A)]n + 1x= x- E0x,       A[Rx\A)]n+lx= A[Rx(A)]B+1x - x+ FQx.

F0  is a bounded finite rank operator.

(2) (A- a)[R¿(A)]n+1x= (A- a)[R^A)]n+lx - x + FQx.

Thus, formula (1) is true for zz = 0.   Suppose (1) is true for tz - 1.   Then

(A - a)"[Rx(A)]   i]x = (A-a)"[R;(A)]   a,x-"¿   (A - a)"" ^(A - a)*x + F
A n+l a n + l ^-*

fe=0
Then

I*'

(A-a)"+I[R^(A)]   ..*
" 7?  + 1

= iX-a)nÍA-a)[R'KÍA)]n+1- "¿ (A- a)"- x~Ha - a)* +1x + F2x
4=0

= (A - a)"[(A - d)[R'x(A)]n +1x - x + E0x]

77-1

-  ^   (A-a)"-1-fe(A-a)^+1x+ F2x    by (2)

fe=o

= (A- d)"+1[R'x(A)]n + yX- (A- a)"x+ (A- d)nFQx

n- 1

-z
fe=0

ZZ

^77 "fei 4 ^Ze^    ,      rjZ,^

£   (A-a)"-1-fe(A-a)^ + 1x+E2x

(A-a)"+1[R;(A)]     ,x-Z(A-^   kÍA-d)kx+FÍx)
:=0

This completes the proof of (1) by induction.
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P(A)

'™ (A-a)*

1     r PÍX) a)n+i[R'{A)]        dX
•      •      2m   J+B{D)   ZN       „\rz+l X "+1

i   r píx)    r(A_a)»+i[p;u)]    x
2t7z J+b(D) (a_ a)"+1L

- ¿ (A - a)"-kÍA - a)kx + FÍX)x\\dX
k = o J

= _L   f P(A)[RX(A)]   + .xdX
2ni J+B(D) K       "+I

_ _L   f P(A) y (A - a)-fe- \A - a)kxdX
2ni  J+B'D) fa

_J_   f P(A)       F(AWA.
277Z   J+B(D)   (A_ a)rz+l

Since CÍD) contains at most a finite number of points of 0 (A), the proof that

the first of these integrals is compact is similar to the proof of Lemma 7.8, §2.

The last integral is compact because E(A) is compact for all A £ BÍD).   It temains

only to consider the middle integral:

B = -_L   f P(A) y  ÍX-a)-k-lÍA- a)kxdX.
2ni  J+B(D) ¿?0

Let P(A) = 2ni=0 a .(A - a)1. U/2tti) f+3(D) P(A)/(A - a)kndX = - a¿.

B = - y =-^ -(A - a)Rx JA

= - ¿  - afe(A - a)kx = P(A)x.      Q.E.D.
k=o

Theorem 4.  Let f £ tí.' (A).   Let D  be an unbounded Cauchy domain such that

) C D and D C A(/).   Let  a £ C be such that  a 4 D

integer n, there exists a compact operator K    such that

fiX)

B(D) (A - a)*

a (A) C D and D C A(/).   Let  a £ C be such that  a 4 D.   Then given any positive

egi

fiA)x=~{ —^—ÍA-a)n + 1[R'xÍA)]  +.xdX- K x       Vx e X.
1 2777   J+B(D)  n       „ntz+1 X        " + 1 "

Proof.

^~.   f /(A)      (A-a)*+1[Px(A)]  ^xdX
2m  J+B(D) ^ _ ^n+1 X       * + l

= J_    f /(A)[r!(A)]      .xrfA
2/7Z   J+B(D) ' x       * + l

- T.  V-   f /(AKA-^-^HA-a^xa-A
¿To 2?n J+B(D)

_J_  r fjX)
2m'  J+B(D) ^_ ^zz + I

-f —^-FÍX)xdX,       FÍX) £ KiX).
TI   J+BÍD)  Zi Nzz + 1
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The proof of this statement is similar to the proof of the corresponding statement

in the proof of Theorem 3.

(l/277z) f (/(A)/(A - a)"+1)F(A)x a*A   is compact because E(A) is compact

for all A £ BiD).   Since a 4 D,

—   f /(A)(A- a)-k~ HA -d)kxdX=-L  f -i^-(A-a)** ¿A
2ni J+B(D) ' 2m J+B(Dj) ^_ ^k+i

where D,  is the infinite region of D.

"       _L  f fíX)ÍX-a)-k-1ÍA-a)kxdX=-L f   fiX)ÍX-a)-k-\A-a.y
■     '       2ni   -M-B(D)  ; 2777  JT

where T is a circle of radius R > 2 |a|   lying in the outermost region of D.

xdX

-L f
?77Z    J+ï

fix) (A- a)kxdX
P*277Z   J+B(D) (A_a)¿+1

where   |/(A)| < p when  |A| > R.   Such a /t exists because /(A) £ Û^CA).   Letting

R —» oo, we see that

^-   f oin, fWiA- a)-k-lÍA-a)kxdX= 0,    if /fe > 0.
277Z    ->+B(Dj)

If it = 0, let p = 1/(A - a) and let gip) = /(A).

/(A)
2t7z J+B(Dj) A - ai-   fÎ77Z    J+i

X dX i   r -giß),   f   ^xa>,
!    JO II ^2777    Jfl p

where fi is the oriented image of + BÍD A under the mapping p = l/(A - a).   Since

fiX) is analytic on D    and at infinity, gip) is analytic in the interior of 0.

'       J-   f J^LwA=-i,   f   ̂ -)xa'/t=-g(0)x = -/(oo)x
•    •    2?7z  J+B(D) (A-a) 2777Jß     /a        r       s '

^T-   fD,ra—'—-U-a)" + 1[p'(A)]   +,xrA
277Z   J+B(D)c,       „\n+l A " + 1fB(D) (A - a)"

= ¿7 f+B(D) f&mA\+1xd\+fi~)x+ Knx=fiA)x+ Knx.

Theorem 5. Suppose f £ 3^(A) arz^ /(A) / 0 for X £ aAA), but that /(oo) = 0,

the zero at infinity being of finite order m.   Then  3K     /A, and K, £ KiX), and

a closed operator B such that

RifiA) + Kx) C DiAm)= DiB)and BifiA) + KA = /+ Kr

Further, for all x £ DÍA"1),

ß(%) = _L f [/ÍX)ÍX - a)m + l]- \A - a)R'xÍA)ia- A)mxziA+ K^x,

where  D  is an unbounded Cauchy domain such that aAA) C D, D C A(/)    aTzJ

/(A) / 0 for X £ D.   a  is chosen so that a 4 D and [r'(A)]     z's defined.
a. m '

Proof.  Let g(A) = (a - A)m/(A).   g(A) £ ÚT(A) and g(A) does not vanish on

a.(A) ot at infinity.
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Let hiX) = J/g(A).   hiX) £ (T(A).

hÍA)gíA)= 1+ X4,

gíA)hÍA)= 1+ Kv       KA, X5 eK(X),

/(A) = (a-A)-mg(A).

By Lemma 1.1, and Theorem 9 of §2, /(A) = [R'aiA)]™ giA) -Ky, Kj £ K(X).

Let ß =/>(A)(a-A)m.

ß(/(A) + KA = MA)(a- An^MM^gU)

= MA)(/- Fj)g(A),    by Lemma 1.2,

= MA)g(A) - F2 =, 7+ K2,       Fj, E2, K2 £ ,K(X).

To prove the second part of the theorem, we use Theorem 4, letting tz = 0,  repla-

cing fiX) by ¿(A), and replacing x by (a - A)mx.

4.  The ^-Spectrum Mapping Theorem.

Definition 1.  cHA) is defined as follows:

s(H°ct(A) if A is bounded,

(A) U (oo)    if A is unbounded.

In the standard operational calculus the Spectral Mapping Theorem states that

o[fiA)] = f[diA)],

Definition 2.  ôAA) is defined as follows:

oAA) if A  is bounded,

i^(A) U (oo)    if  A  is unbounded.

In this section we will show that for our operational calculus ct.[/(A)] =

/[5*(A)J.

Lemma 1.1.  Let f £ Cf (A) be such that  FÍX) = /(A)(a - A) £ 3* (A),   Then

1KV K2,K3 eKiX) szzci that  ÍFÍA) + KA\ p(A) =(/(A)-K2)(/ + KAia-A).

Proof.  Let /S £ i<ï>A\<D0(A)S,  let g(A) = /(A)(/3 - A), and let G(A) =

(a-AXß-A)-1.  giX), GÍX) eÖ>).

g(A)G(A) = F(A);

(1) gÍA)GÍA) = FÍA) + K4    by Theorem 9, §2, K4 £ K(X).

fiX) = giX)iß-X)~l.

By Lemma 1.1, §3, and Theorem 9, §2,
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/(A)= gíA)R'fiA)+ K2,      K2£KiX),

fiA)- K2 = giA)RJi]A),

ifiA)-K2)(ß-A)=giA)R'ßiA)(ß-A)=g(A)(l+ K^A)= igiA) + K6)\D(A);

(2) •'.    M)\D(A)=(f(A)-K2)iß-A)-K6\D{Ay

G(X) = (a- AX/3 - A)" ' = (a- ß)(ß - A)" 1 + 1.

•'• by Lemma 1.1 of §3,

(3) G(A) = (a- ß)R'ß(A) + I + Ky,      Ky £ K(X).

R'ß(A)(a- A) = R'ß(A)(a- ß + ß - A) = (a- ß)R'ßiA) + [/+ Kg]|D(A),     Xg £ K(X).

Therefore, by (3) we get

(4) G^>Id(A) = «¿UM«- A) + K9|D04),     K9 eK(X),

(5) (G(A)- X9)|D(A)= R^(A)(a- A).

Noze.   R![G(A)-X9]|D(A)!CD(A).

g(A)G(A)|W) = gÍA)[ÍGÍA)- K9)\D(A)+ K9\D{A)i

= [(/(A) - K2)(j8 - A) - K6]R^A)(a- A) + gU)/<9|D(A)

by (2) and (5)

= (/(A) - K2)(,8- A)R^(A)(a- A) + K10|DW),  K10 e.K(X),

because RßiA)ia - A) is bounded.

/.    g(A)G(A)|DW = (/(A)-K2)(/+ KjXa-A)+ Kj^

= ÍFÍA) + K4)|DW    by (IX

.'.     (F(iD+K1)|WA)-(/(A)-K2X/+K3)(a-it).     Q.E.D.

Theorem 1. // / € ÍÍ^(A), Z¿ezz  a#[/(A)] = /[â#(A)].

Proof.   First we show that f[5^ÍA)] C a#[/(A)].   Suppose p £ ff^A).   Let g(A)

= ifip) - fiX))ip - A)" l when A ¿ p, and let gip) = /'(p).  g(A) £ Cf (A).

By Theorem 1, §3,  3Xp J<2 £ K(X) such that RigiA) + K A C DÍA) and

(1) íp-A)igÍA)+ K1)=/(p)-/(A)+ K2.

By Lemma 1.1,  3f<3, fC4, K5 e K(X) such that

(2) ifip) - fiA) + KA\p(A) = igiA) - KA)(I + KAip - A).

Since  p £ cr^A),  either  a(p - A) = oo  or /3(p - A) = oo,  or Rip - A) is not closed.
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By [2, Lemma 332], if Rip - A) were not closed,  ßip - A) would be infinite.

Therefore, either aip - A) = oo or ßip - A) = oo.

If aip - A) = oo, then  a(/(/i) - /(A) + KA = oo, by (2).   Therefore,  ifip) ->(A)

+ KA 4 $(X).   Therefore,  ifip) -/(A)) 4 $(X) by [3, Theorem 2.8].

If ßip - A) = oo, then /3(/(za) - /(A) + X2) = oo. Therefore, ifip) - /(A) + K2) 4

$(X) and (/(/z)-/(A)) 4 O(X) by [3, Theorem 2.8].

. " .    fifi) e ̂ [/U)I.

We will now show that /(oo) e ff#L/(A)J  if A   is unbounded.   If /(oo) =/(A)  for

some A e c^A), then /(oo) e a^[fiA)] by what has already been proven.   Therefore,

we shall assume that /(oo) - /(A) /= 0 for any A e a^ÍA).   Let g(A) = /(oo) - /(A).

Suppose g(A) has a zero of finite order m  at oo.   Then by Theorem 5, §3,  3K £

KiX) such that R(g(A) + K)C DÍA"1) C D(A).

Claim.  DÍA) has infinite codimension.

Proof of Claim.   As in the beginning of §2, X = /V(A¿ - A) © X¿,  where

dim [N(A. - A)] < oo and X . is closed.   We defined an operator T. such that  T   is

bounded and RÍT) = DÍA) n X..   If DÍA) n X. were closed, we would have DÍA)

closed, because DÍA) = [DÍA) O X .] ®/V(A).   But D(A) is not closed, because A

is unbounded.   Therefore, DÍA) n X . is not closed.   Therefore, by [2, Lemma 332],

DÍA) n X . has infinite codimension.   Since DÍA) = [DÍA) fï X .] ®/V(A¿ - A), and

dim /V(A. - A) < oo, we see that  DÍA) has infinite codimension.   This completes

the proof of the claim.

Since RigiA) + K) C DÍA), we have that /3(g(A) + K) = oo. Therefore, igiA) +

K) 4 O(X).     ••- giA) 4 $(X) by [3, Theorem 2.8].

We shall now suppose that g(A) = /(A) - /(oo) has a zero of infinite otder at oo.

This means that g(A) is zero on a neighborhood of oc. Since g(A) / 0 tot any A e

ct.(A), a iA) must be bounded.

Let biX) be defined in the following way.   Let  C be a circle that contains

OqÍA) and the point A.  in its intetior.   Then

II  if A is in the interior of   C,

0 if A is in the exterior of  C,

(3) hiA)gÍA) = gÍA)+ Kx,

(4) gÍA)híA) = gíA) + K2,       Kx, K2£  JC(X),

hÍA) =i;í R'XÍA) dX = ^- f   T.[(A - A)T. + /]" L a-A.2777   JC      A 2777   JC       l l      '    _

By the same atgument used in the proof of Lemma 7.4, §2, we have

hÍA) = -L. f I±ldp+^Lip+ T)- 1 dp
2m Jr  p       r     2m -T z

where  T  is the image of C  under the mapping ft = l/(A - A¿).
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RÍT) C DÍA) / X because A   is unbounded.   Therefore,

(5) 0 £ otÍT.) C oiT.)    because ßiT.) = oo.

Since A. is in the interior of C,  zero will be in the interior of Y, and Y will

have a negative orientation.   Then ¿(A) = / - (l/2zrz) /_„ [p - (- T )]~  dp..

By (5), 0 £ OqÍ- 7\) C oí- T).   hiA) is thus seen to be the projection associ-

ated with a spectral set of -T¿, Oyí- T.), which does not contain zero.   For a dis-

cussion of spectral sets and projections, see [5, p. 298].  Since 0 £ o^i- T), we

see by what has already been proven that hiA) 4 $(X).   Therefore,  aihiA)) = oo or

ßihiA)) = oo.   Using equalities (3) and (4), we see that giA) 4 4KX), or /(oo) £

^[/(A)].   The proof that /[ctAVO] C «¿[/(A)] is now complete.

We proceed to prove that oAfÍA)] C f[ôAA)].

Let ß £ oiA[fiA)\. Suppose A   is bounded and ß 4 /[^+(A)].

Let MA) = 1/iß-fiX)), bíX) £ fl'(A).

By Theorem 11, §2, /(A) = /*(A). Therefore, **(A)[j8 - /(A)] = / + K v

[ß - fiA)] b*ÍA) = 1 +K2.   KvK2,£KiX).
Therefore, by [3, Lemma 2.4], ß e 3>[/(A)].   Since this contradicts the assump-

tion that ß £ Oç[fiA)], we must conclude that ß £ f[o ÍA)].

If A  is unbounded and ß 4 fío^ÍA)],   then MA) = 1/iß - fiX)) £ ff (A).

MA)[/3 -/(A)] = /+ Ky      [/3-/(A)]MA)=/+ X2,       Kp K2 eK(X).

We conclude that /3 £ /[<7.(A)] just as we did when A  was bounded.   Therefore,

^[/(AMC/tcî^A)].    Q.E.D.

Theorem 2.  Szz/zpose / £ (f (A) azzo" g £ S'[/(A)].   De/zzze  F 6y F(A) = g[/(A)]

for fiX) £ Mg).   Then  F e (T (A) aTzri FÍA) = g[f(A)] + K, K £ K(X).

Proof.  By Theorem 1, 3¿A) C MF).   Therefore, F £ (f (A).

Let D be a bounded Cauchy domain such that ^^[/(A)] C D and D C A(g).

Let D , be an unbounded Cauchy domain such that cr^A) CDpDj C A(/), and

fiDy) C D.   Then, if A  is unbounded,  FÍA) = F(oo)/ + (l/2zrz) /+B(D ̂ [/(¿^R^AVf.

s[/(£)] = -L   ( -&L: dX.
5 '   ^ 2zzz  J+B(D) A-    it)2t7I J+b(D) A- /(£)

Let èx(cf)= [A-/(£)]" \ where A is fixed on BÍD).

hxÍA)[X-fÍA)]= 1+ K,(A),       [A-/(A)]/,X(A)= /+ K2(A),       KA», X2(A) £ K(X).

By Lemma 1.3, §3, ¿X(A) = R¿[/(A)] + K3(A), K?(A)   £Jr((X).   X?(A) is continuous

in A on BÍD), because bxÍA) and R^fiA)] ate continuous in A on ß(D).
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F(A) = 2r7z   I+BiD) Ä-7Ü) dXl    + 2m-  J+B(Dj)  ¿7  I+BW) TTJif) d^R'¿^dC

- ¿ Lm «-)a' + ¿ C) ^(A) ¿ .Up w^>**

= ¿ L (D) *(A)A*(A) «* = ¿7 j*+B(D) iWÜip] + KÍX)] dX

= g[fíA)]+K,       KeX(X).

If A   is bounded,  F(A) = (1/2777.') f+ß(D   ^ [/(£)] R^UVf where Dj  isa bounded

Cauchy domain.   The rest of the proof proceeds as above.     Q.E.D.

5.   An analytic basis.   In [2, Theorem 3],  it is shown that if A. e

{<I,.(A)\S .(A)},  there exist n  vector valued functions,   [x.(A)¡",  analytic in some

neighborhood of A¿, which form a basis for NÍA - A).   We proceed to show that the

functions,  |x.(A)|" = 1,  can be chosen so that they are analytic in all of

¡(P¿vA)\c (A)[ except for at most a countable set of points having no accumulation

point in <Î.(A).

Theorem 1.  Let  <t>.(A) beacomponent of <£.,  and let A. be any point of

i4>.(A)\s.(A)}, where S (A) is as in Theorem 1, §2.   Let x., • •• , x    be a basis

for NÍA — A).   Then there exist vector valued functions,  Xj(A), ■ • • , x (A), ana-

lytic for all X £ <$> ÍA) except for at most a countable set of points having no

accumulation point in $.(A), such that x (A.) = x ., 1 <;' <n, and jx.(A)l"_,  /or?zz

a basis for NÍA — A).

Proof.  Define the operator PX(A) on 0(A) as in Definition 8, §2, and let

A. be the point used in the definition.   PX(A) = T.[(A - A.)T. + /]"   .   Let A £

Í^aAO^A)!  and let x € NÍA - A).

RxÍÁ)iX - A)x = x - [(A - A.)T. + l]~1Fl.x = 0,

x= [(A- X.)T.+ l]-lFxjx.

Let Fj  x = 2" = 1/.(x)x.,  where  \f !" = 1  are bounded linear functionals on X.

Now,

x=¿   /(x)í[(A-A.)T.+ /]-1x¡.

7=1

Therefore, the n  vectors,  [(A - A )T. + /]" x , 1 < ;' < n,  span NÍA - A) and since

a(A - A) = 72,  they must be linearly independent.   Therefore, the vectors, x (A) =

[(A - A.)T. + /]-1x, 1 < / <72, form a basis for NÍA - A).   We also have that
z       z 7 — '   —

x (A.) = [(A. - A.)T. + /] - lx. = x..     Q.E.D.
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